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A new method for solving split variational
inequality problems without co-coerciveness
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Abstract. In solving the split variational inequality problems in real
Hilbert spaces, the co-coercive assumption of the underlying operators
is usually required and this may limit its usefulness in many applications.
To have these operators freed from the usual and restrictive co-coercive
assumption, we propose a method for solving the split variational in-
equality problem in two real Hilbert spaces without the co-coerciveness
assumption on the operators. We prove that the proposed method con-
verges strongly to a solution of the problem and give some numerical
illustrations of it in comparison with other methods in the literature to
support our strong convergence result.
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1. Introduction

Let C be a nonempty closed and convex subset of a real Hilbert space H and
A : H — H be an operator. The classical Variational Inequality Problem
(VIP) for A on C is defined as follows: find «* € C' such that

(Az*,x—2*) >0, Vzel. (1.1)

This problem was first introduced by Stampacchia [34] (also independently
by Fichera [11]) for modeling problems arising from mechanics. To study
the regularity problem for partial differential equations, Stampacchia [34]
studied a generalization of the Lax—Milgram theorem and called all problems
involving inequalities of such kind, the VIPs, (see also [1,12,20,21]). The
VIP (1.1) was later generalized to the following Split Variational Inequality
Problem (SVIP) by Censor et al. [9]:

Findz* € C'thatsolves (Az*,z —z*) >0 Vz e C, (1.2)
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such that y* = Tz* € @ solves

(fy'sy—y") 20Vy €Q, (1.3)

where A : Hy — Hq, f: Hy — H> are two operators and T : H; — Hs is a
bounded linear operator. The SVIP is a special model of the following Split
Inverse Problem (SIP):

Find z* € X; thatsolves I P, (1.4)
such that
y* =Tz € X3 solves I Py, (1.5)

where X; and X, are two vector spaces, T : X; — X5 is a bounded linear
operator, IP; and I P, are two inverse problems in X; and X, respectively
(see [5,9]). Note that the first known case of the SIP is the following Split
Convex Feasibility Problem (SCFP) introduced and studied by Censor and
Elfving [7]:

Find 2* € C suchthat y* =Tz* € Q. (1.6)

Hence, the SVIP (1.2)—(1.3) can also be viewed as an interesting combination
of the classical VIP (1.1) and the SCFP (1.6). Thus, it has wide applications in
medical treatment of the Intensity-Modulated Radiation Therapy (IMRT),
phase retrieval, image reconstruction, signal processing, data compression,
among others (for example, see [4,6-9,28,41] and the references therein).
Censor et al. [9] proposed and studied the following iterative method for
solving SVIP (1.2)—(1.3): for z1 € Hy, the sequence {z,} is generated by

Tp+1 = Po(l — M) (xy, + 7T (Po(I — Af) — I)Tx,),n > 1, (1.7)

where 7 € (0, %) with L being the spectral radius of the operator T*T. They
proved that the sequence {z,} generated by (1.7) converges weakly to a
solution of (1.2)—(1.3) provided that the solution set of problem (1.2)—(1.3)
is nonempty, A, f are Li, La-co-coercive operators and A € (0,24), where
d :=min{Ly, Lo}.

Since then, other authors have studied the SVIP in Hilbert spaces. See, for
example [17,22-24,26]. However, in all of these papers, the convergence of
their methods were obtained under the restrictive co-coercive assumption on
A and f, thus precluding the use of their methods in many applications.
An attempt to overcome this setback was made by Tian and Jiang [40] who
proposed the following iterative method: for arbitrary x; € C, define the

sequence {z,}, {yn} and {t,} by
yn = Po(xn — 1, T (1 — S)Txy,),
Tn1 = PC(yn - >\7LA(tn))7 n>1,

where {7,,} C [a,b] for some a,b € (0, W), {A\n} C [e,d] for some ¢,d €
(0, %), S : Hy — Hs is a nonexpansive mapping, T : H; — Hs is a bounded
linear operator and A : C — H; is a monotone and L-Lipschitz continu-
ous mapping. They proved that the sequence generated by Algorithm (1.8)
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converges weakly to a solution of the following problem: find z* € C such
that

(Az™,x —2™) > 0 Vo € C, andsuchthat Tz" € F(S5), (1.9)

where F'(S) is the set of fixed points of S.

In [41], these authors improved Algorithm (1.8) into the following algorithm
to obtain a strong convergent result since strong convergent results are much
more desirable in infinite dimensional spaces: for arbitrary x; € C, define the

sequence {,}, {yn} {tn} and {w,} by
yn = Pol(x, — 1, T*(1 — S)Txy),
tn - PC(yn - )\nA(yn))a
Wy = PC(yn - )\nA(tn))y
Tnt1 = anh(zy) + (1 — an)wp, n > 1,

(1.10)

where {r,}, {\n.}, S, T, A are as in Algorithm (1.8), h is a contraction
mapping and {a,} C (0,1).

Although the underlying operator A in Algorithms (1.8) and (1.10) is freed
from the strong co-coercive assumption, but we can see that, even at the
expense of too many projections in both algorithms (which may seriously
affect the efficiency of these algorithms), these algorithms can only be use to
solve the SVIP (1.2)—(1.3) if we set S = Po({ — Af) and f is assumed to be
co-coercive. Meaning that these methods would still rely on the co-coercive
assumption of the second operator f if we intend to use it to solve the SVIP
(1.2)—(1.3), which is the problem of interest in this paper.

Based on this, our aim is to design and analyse an iterative method for solving
the SVIP (1.2)—(1.3) in two real Hilbert spaces without the restrictive co-
coerciveness assumption on the operators A and f usually assumed in many
papers (see [17,22-24,26]), and prove that the method converges strongly to
a solution of the problem. The strong convergence result is obtained when the
operators A and f are monotone and Lipschitz continuous, which is a much
more relaxed assumption than the co-coerciveness of the operators. Moreover,
as we shall see in Sect. 4, the proof of the strong convergence of our method
does not rely on the usual “Two Cases Approach” widely used in many papers
to guarantee strong convergence (see for example [17-19,30-32,35-39,41] and
the references therein). Furthermore, we give some numerical illustrations of
the proposed method in comparison with other methods in the literature to
support our strong convergence result.

2. Preliminaries

Let H be a real Hilbert space. Then, an operator A : H — H is called

e [-co-coercive (or L-inverse strongly monotone), if there exists L > 0
such that

(Az — Ay,x —y) > L|| Az — Ay||* V z,y € H,
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e monotone, if
e [-Lipschitz continuous, if there exists a constant L > 0 such that

[Az — Ayl < L[|z — y|| Va,y € H.

Clearly, L-co-coercive operators are %—Lipschitz continuous and monotone
but the converse is not always true.

Recall that for a nonempty closed and convex subset C' of H, the metric
projection denoted as Pg, is a map defined on H onto C' which assigns to
each x € H, the unique point in C, denoted by Pcz such that

|lz — Poz|| = nf{|lz — yl| : y € C}.
It is well known that Pg is a nonexpansive mapping of H onto C. We also
know that the P¢ is characterized by the inequality
(x — Pox,y — Pox) <0 Vy e C.
Furthermore, the P¢ is known to possess the following property:
|Pex — z|[” < ||z — yl* — || Pea — yl|* Vy € C.

For more information and properties of Pe see [13,14].

The following lemmas will be needed in the proofs of our main results.

Lemma 2.1 [10]. Let H be a real Hilbert space, then for all x,y € H and
a € (0,1), the following hold:

(1) 2{z,y) = [|=[] +2||y\|2 - HQJC —yll* = ||9C-2|-y||2 =[] - Hyllz,

(i) flaz + (1 = a)y||* = afz* + (1 = Q)|yl]* = a(l = a)llz —yl]*

(iif) [|z —yll> < [|2]* +2(y, z — y).

Lemma 2.2 [33]. Assume that A : H — H is a continuous and monotone
operator. Then x* is a solution of (1.1) if and only if x* is a solution of
following problem: find x* € C' such that

(Az,z —2") >0, Vo eC.

Theorem 2.3 [15, Theorem 2.3]. Let p € [1,00) be a rational number except
for p = 1,2. Unless p = np for a positive integer n , there is no algorithm
which computes the p-norm of a matriz with entries in {—1,0,1} to relative
error with running time polynomaial in the dimensions.

Lemma 2.4 [29]. Let {a,} be a sequence of non-negative real numbers, {ay,}
be a sequence of real numbers in (0,1) with condition Y, a, = o0 and
{d,} be a sequence of real numbers. Assume that

apy1 < (1 - an)an +apd,, n > 1.
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If limsupy,_, o dn, < 0 for every subsequence {an,} of {an} satisfying the
condition:

liminf (an, 11 — an,) > 0,
k— o0

then, lim,, .~ a, = 0.

3. Proposed method

In this section, we present our proposed method and discuss some motivations
for proposing it. We begin with the following assumptions under which our
strong convergence is obtained.

Assumption 3.1. Suppose that the following hold:

(a) The feasible sets C' and @ are nonempty closed and convex subsets of
the real Hilbert spaces Hy and Hs, respectively.

(b) A: Hy — H;y and f: Hy — Hs are monotone and Lipschitz continuous
with Lipschitz constants L; and Lo, respectively.

(¢) T : H — Hs is a bounded linear operator and the solution set I' :=
{z e VI(A,C) : Tz € VI(f,Q)} is nonempty, where VI(A,C) is the
solution set of the classical VIP (1.1).

(d) {6,} C (a,1 — ) for some a > 0, where {a,,} C (0,1).

We next present the proposed method.

Algorithm 3.2. Inmitialization: Let 7 > 0, A € (0, L%),u € (0, L%) and 1 € Hy
be given arbitrary.

Iterative Steps: Cualculate x, 11 as follows:

Step 1. Set

Compute
Zn = Txn - Bnrnv

where v, = Tx, — yp — w(fTx, — fyn) and By := %, if rp # 0;
otherwise 3, = 0.

Step 2. Compute
Up = Xp + 1T (20, — Txy),
where the stepsize T, is chosen such that for some ¢ > 0, 7, €
(e, 7”7,”7;’;;?;”3”2 - e), if zp # Tx,; otherwise 7, = T.
Step 3. Set
up, = Po(I — AA)v,.
Compute

Tpte1 = (1 =0, — ap)vy + Opwy,
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Wy = Up — ’anna

where by, := vy, — Uy, — A(Avy, — Auy,) and v, = %, if by # 0; otherwise
Y = 0.

Set n:=n+1 and go back to Step 1.

We now highlight the motivation for the proposed algorithm.

Remark 3.3. e Observe that Algorithm 3.2 can be viewed as a single pro-
jection method for solving the classical VIP in one space H; and a
single projection method under a bounded linear operator T for solving
the second VIP in another space Hy with no extra projection either
on the half-space or on the feasible set. A notable advantage of this
method (Algorithm 3.2) for solving SVIP is that the co-coerciveness of
the operators A and f usually used in many papers (see for example,
[17,22-24,26]) to guarantee convergence, is removed and no extra pro-
jection is required under this setting.

e As we shall see in our convergence analysis, the proof of the strong con-
vergence of Algorithm 3.2 (that is, the proof of Theorem 4.3) does not
rely on the usual “Two Cases Approach” (Case 1 and Case 2) usually
used in numerous papers for solving optimization problems [17,27,30,
31,35-39,41]. Thus, the techniques and ideas employed in our strong
convergence analysis are new for solving the problem considered in this

paper.

HTCEn*ZnHQ
T (Twn—20) I
rithm 3.2 does not require priori knowledge of the operator norm ||T].
Algorithms with stepsize that depends on the operator norm (like in
[3,5,9,27,40,41]) require the computation of the norm of the bounded
linear operator, which in general is a very difficult task (sometimes im-
possible) to accomplish as shown in Theorem 2.3.

e The choice of the stepsize 7, € (e — e) used in Algo-

4. Convergence analysis

Lemma 4.1. Let {x,} be a sequence generated by Algorithm 3.2. Then, under
Assumption 3.1, we have that {x,} is bounded.

Proof. Let p € T'. Since y,, = Po(Tx,, — pfTz,) and Tp € VI(f,Q) C Q,
then by the characteristics property of Py, we obtain that

<yn —Tp,ynp — Ty + ;Uffon> <0.
Thus, by the monotonicity of f, we obtain
(Yn —=Tps1rp) = (Yn — TP, T2 — yn — pf T20) + p{yn — T, fyn)

Yn — T, fyn)
Yn — T, fyn — fTp) + pu(yn —Tp, fTp) > 0. (4.1)
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From Step 1 and (4.1), we obtain

|zn = Tp||* = ||Txn — Tp — Bnral|®
= [|Txn = Tpl||* + B2lIrnll® — 280 (Txn — Tp, )
= |[Tzn — Tpl|* + Ballrnll®> = 280 (T2n — yn,r0) — 280 (yn — Tp,7n)
<|Txp —Tpl|> + B2l Irnll? = 260 (Txn — yn,7n)
= [|Txn — Tpl||* + B2 1Irnll® — 285 |Irn|?
= ||Tzn — Tpl|* — B2 ||rnll®. (4.2)

From Step 2, (4.2) and Lemma 2.1 (i), we obtain
|lv, —p||2 = ||zn _pH2 + TrQLHT*(Zn - Txn)HQ + 272 — P, T (2 — Tp))
= ||zn —pH2 + TTQLHT*(ZVL - T$n)||2 + 270 (Txy, — Tp, 2, — Tn)
= [z = pl* + 72T (20 — Tay)||?
+70 (120 = TpI[* = [|Txn — Tp||* — [|20 — Tnl|?)
< lwn = plI? + 72T (20 = Taa)||? = allzn — Tl (4.3)
Thus, by the condition on 7,,, we obtain
[[vn *p||2 <lzn *pHZ —Tn (||Zn - Tzn”z — T[T (20 — Txn)HQ)
< [Jon — plf*. (4.4)

By similar argument used in obtaining (4.2), we get

llwn = plI* < [lon —pl* = 72l1ball?
= ‘|Un_p”2_||wn_vn||2~ (4.5)
Now, observe that
(1 = 60— an)(vn — p) + b, (wn — p)||?
=(1-0,—- O‘n)QHUn _pH2 +6721Hwn _pH2
+2(1 = 0, — )0 (v — Py wy — p)
< (1= 05 — an)?|lzn = pII* + 03 [zn — pl?
+2(1 = bn — an)On|lzn — pl[||zn — |
= (1= an)?|lzn — plI% (4.6)
Thus, we obtain from Step 3 that
|znt1 = pll = [[(1 = 0n — ) (vn — p) + On(wy — p) — anpl|
< (1 = 0n — o) (vn — p) + Op(wn — p)|| + anllpl|
< (1= an)lfzn —pl| + anllpl]
< max{|lzn —pll, lIpl[}

< max{|[zy — pl], [|pl|}-
Therefore, {x,} is bounded. O
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Lemma 4.2. Let {x,} be a sequence generated by Algorithm 3.2 under As-
sumption 3.1. If there exists a subsequence {xy,} of {xn} which converges
weakly to a point z € Hy and limg_oo ||Vn, — Un, || = 0 = im0 [|[Vn, — Tn, ||
for subsequences {vy,} and {un,} of {vn} and {u,}, respectively. Then,
zel.

Proof. Let {z,,} be a subsequence of {x,} which converges weakly to some
z € Hy. Then, since T is a bounded linear operator, we obtain that {7z, }
converges weakly to Tz € Hs.

Now, let us assume without loss of generality that z, # Tz,, then 7, €

Hzn_TianQ in f
TG TemE — €)- Thus, we obtain from (4.3) that

[on = p|* < [len = plI* = el T* (20 — Txn)||?
< lzn = plI* = T (20 — T, (4.7)
which implies that
T (zny, = T )I* < |lzny = pI* = [lvn, — plI?
< ||$nk - Uﬂk'lz + ZHxnk - Unk:||||vnk _p”'

Thus, by our assumption, we obtain that

Tim (|7 (20, = T, )| = 0. (48)

Hence, we obtain from (4.3) and (4.8) that
Tl T @0, = 20, ? < M, = pl* = [lon, = pII* + 70 (1T (20 — T,
< l@n, — Unk||2 + 2[|2n,, — vny [|[|vn, — Pl

+Tfk||T*(znk - Txnk)H2 — 0, as k — oo.
Since 0 < € < 7,,, we obtain that
lim ||Tzp, — 2n,|| = 0. (4.9)
k—o0
Now, observe that

<Txnk - ynka’rnk> = <T£an - ynvaxnk — Ynyp — N(fonk - fynk»
= ||T‘rnk - ynk||2 - <Txnk - ynk?:u(fonk - fynk)>
> ||T$nk - ynk||2 - .UJHTxnk - ynk””fonk - fynkH

> (1= pLo)|| T, = Yni ]l (4.10)
which implies that
1
T2, = yni* < m@%k = Yngr T )
1 2
= mﬁnkﬂrnkﬂ
1
= mﬁnkﬂ’”nkﬂ NT @, = Yny, — W(fTTn, — fYni)]

b

< (1 —/,LLQ)ﬁnkHrnkH (||Tmnk 7ynk|| +M‘|fT'T'nk - fynkH)
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(1+ uLy)
@ igy ! T = e 1Bl s
(1+ pLy)

Thus, we obtain from (4.9) that

(14 pLo)

Tn._ n S
T2, = yuall < (g

[|Zn, — Txn, || — 0, as k — co.  (4.11)

Now, by the monotonicity of f and the characteristic property of Pg, we
obtain for all x € @) that

0 < (Y, — Ty, + pf T, & = Yy, )

= (Yne = T, @ = Y, ) + 1T, Ty, = Yny)
+ u(fTn,, v — Ty, )

< Mynie = Tanlllle = yni |+ pll ST 0, T 20, = Yol
+ u(fTan,, v — Ty, ) Yz € Q

= lyne = T, ([l =y, | + pllfTzn, [ T2, — yn, ]
+ (<fT:vnk — fr,x — Tacnk> + <fx,:£ — T:cnk>)

< yne = T, [l = yn | + sl fT2n, N T 20, = Yl
+ p(fx, @ — Ty, ) Vo € Q. (4.12)

Thus, by passing limit as k — oo, we obtain that
<fx,:c7Tz> >0Vreq.

Therefore, we obtain from Lemma 2.2 that Tz € VI(f, Q).

On the other hand, we have by our hypothesis that the subsequence {v,, }
of {v,} converges weakly to z € Hy. Now, observe that by following similar
argument used in obtaining (4.12), we get

0 < [ftny = v, 1y =ty || + M Avey [ vn, = wn, [l + M(Ay, y — vs,) Yy € C.
(4.13)

Thus, by our hypothesis, we obtain that
<Ay,yfz> >0VyeC.
Therefore, we obtain from Lemma 2.2 that z € VI(A,C). Hence, z € I'. O

We now present the main theorem for our strong convergence analysis.

Theorem 4.3. Let {x,,} be a sequence generated by Algorithm 3.2 under As-
sumption 3.1. If lim, .~ a, = 0 and Zzozl ay, = oo. Then, {x,} converges
strongly to p € I, where

[Ipll = min{][[2]] : 2 € T}.
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Proof. Let p € T'. Then, we obtain from (4.4) and (4.5) that
11— )Un + 0w — p||?

= [|(1 = 0,) (vn — p) + O (wy — p)|I?

= (1= 00)*[lvn = pl| + 03| Jwn — plI* + 2(1 = 0,)0n vy — p,wy — )
< (1= 0n)llzn — pll + O llzn — plI* +2(1 = 0,)00 |20 — pl|?
= ||z — pll*.

Thus, from Step 3, we obtain

2ns1 = pl2 = (L = an) [(1 = 02)0n + Ontwn — p] — [0 (U — wn) + ] |2

< (1= an)?||(1 = 0n)vn + Onwn — pl1* = 2{@nbn (v — wn)
+anp, Tnt1 —p)

< (1= an)|l(1 = 0n)vn + Opwp — pH2 + 2(0n0n(Vn — Wn), P — Tnt1)
+200 (P, P — Tn1)

< (1= an)l|(1 = 0n)vn + Opwn = pl|* + 2an0n|[vn — wal| - |[2n+1 — pl|
+20n (P, p — Tnt1)

< (1= an)lfan — pl? + anda, (4.14)

where dp, = 2 (0n|[vn — wal - [|Tng1 = pll + (P, P — Tns1))-

According to Lemma 2.4, to conclude our proof, it suffices to show that
lim supy,_, o dpn, < 0 for every subsequence {||x,, — p||} of {||z, — p||} satis-
fying the condition:

tminf ([f2n, 1 Il ~ [z, ~ o) > 0. (4.15)
To show that limsup,,_, . dn, < 0, suppose that {||z,, —pl||} is a subsequence
of {||zn — p||} such that (4.15) holds. Then,
tminf (|12, 1~ 2~ 1z, ol
= liminf {({lzn,+1 = pll = [len, = pl) (201 = pll + [z, = pI])]
> 0. (4.16)
Now, by Step 3 and (4.5), we obtain that
1241 = pII* = [|(1 = 00 — an)(vn = ) + O (wn — p) — anpl|?
= [|(1 = 0n — o) (v — ) + On(wn = p)II” + a7 [pl]*
=20, ((1 = 05 — an)(vn — p) + On(wn —p),p)
< (X = 0 = an)(vn = p) + On(wn = p)|* + n M
<(1—=06n— an)Qan *p||2 +2(1 = 0n — )0 (vn — p,wn — p)
+07 ||wp — pl|* + an M
< (1= 0n — an)?lJon = plI* + O3 [Jwn — pl* + anM
(1= 0n = ) 0nllon = pl|* + (1 = 0n — @) 0w, — p|
< (1= 00 — on)(1 = a)|lvn — pl|?
+0,(1 — ap)||wn, — p||* + an M
< (=0 —an)(d—ay)llvn —p||2
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0, (1 = an) (lvn = pII? = lfwn — val[?) + @M (4.17)
< (1 =0p — )1 —an)l|lzn —p||2 + 00 (1 — an)l|n —p||2
=0, (1 — ap)||wn — vp||? + an M
< |z —p||2 = 0 (1 — o) |[wy — Un”z +a, M,

for some M > 0. This implies from (4.16) that

lim sup [(1 - ank)enk Hwnk — Uny, HZ] < limsup [Hxnk —p||2 - ||:Bnk+1 _pH2 + any, M}
k— oo k— oo
= “liminf [[[zny 11— plI? — [2n, — pl?] <0,
k— o0

which gives

lim ||wp, — vp, || =0. (4.18)
k—o00

Thus, by similar argument used in obtaining (4.11), we get

(14 ALy)
(1= ALy

Combining (4.18) and (4.19), we get

[[tny, = vne || < lwny = vny || =0, as k— oo (4.19)

ler{:O [|Wn, — un, || = 0. (4.20)
Also, from (4.17) and (4.7), we obtain that

|Zng1 = pI* < (1= 0ny — an ) (1 = any)l[on, —plI?
+0n, (1 — oy, )| [n, _pH2 + ap, M
< ||, _p||2+0‘nkM
< ||z, _pH2 - 62||T*(an - Txnk)HQ + o, M.

This implies that

. * 1.
limsup [Tz, — T )P < 5 timsup ([, —pl> — llene 1 — pll* + an, )
k—o0

k—oco
1. .
<~ liminf (|lzn, 41 = I = llzn, = pI”) <0,
€4 k—oo

which gives that

Jimn [T (2, — Ty, || = 0. (4:21)
Thus, we obtain that
klim |Vn, — Zng||> = Tﬁk klim |T* (zn, — Ty, )|| = 0. (4.22)

Also, by (4.18), we obtain that
Hxnk-‘rl - Unk” < enk”wnk - Uﬂk” + O‘nkankH — 0, as k — oo.
Thus, we obtain from (4.22) that

T (|, 41— ]| = 0. (4.23)
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Since {x,, } is bounded, it follows that there exists a subsequence {xnkj} of
{zn, } that converges weakly to z € H; such that

limsup (p,p = 2p,) = lm (p.p—an,) = (pp—2).  (424)

k—o0

Also, we obtain from (4.19), (4.22) and Lemma 4.2 that z € T".
Thus, since p = Pr0, we obtain from (4.24) that

li’rcnsup (p,p—an,) = (p,p—2) <0,
which implies from (4.23) that
limsup (p,p — Tn,+1) < 0. (4.25)
k—oo

Using (4.18) and (4.25), we obtain that limsup,,_, ., dn, < 0. Hence, we get
that lim,_, ||zn — p|| = 0. Therefore, {x,,} converges strongly to p = Pr0.
U

Remark 4.4. Observe that by setting Hy = Ho = H, f =0 and T = Iy (the
identity operator on H) in Theorem 4.3, we obtain as a corollary, a single
projection method (requiring only one projection onto the feasible set C' per
iteration) for solving the classical VIP (1.1).

5. Numerical examples

We give in this section, some numerical examples (in two infinite dimensional
real Hilbert spaces) of Algorithm 3.2 in comparison with Algorithm (1.10)
of Tian and Jiang [41], the following Algorithm 5.1 of Pham et al. [27] and
Algorithm 5.2 of Reich and Tuyen [28].

Algorithm 5.1. Step 0. Choose pg, Ao > 0, pu, A € (0,1), {m} C [z, 7] C
(O, HTH%H> . {an} C (0,1) such that lim, oo o, = 0 and Y, | an = 0.
Step 1. Let x1 € Hy. Set n=1.

Step 2. Compute

Uy = Ty,
Un = PQ(UH - ﬂnfun)>
wn, = P, (un = pn fon),
where
Qn ={ws € Hy : {Uy, — fin fUy — Up,wa — vy) < 0}

and

- {min{‘m, ,un}, if fu, # fon,
Hors otherwise.
Step 3. Compute
Yn = Tpn + 70T (W, — up),

Zn = PC’(yn - /\nAyn)a
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tn = Pe, (Yn — AnAzy),
where
Cn={wi € Hy : (yp — MAYyn — zn, w1 — z5,) < 0}
and
st = {min{)1‘4517‘_2;;‘”7 )\n}, if Ay, # Az,
ns otherwise.
Step 4. Compute

Tnp1 = Qp21 + (1 — ap)tn.

Set n:=n+1 and go back to Step 2.

Algorithm 5.2. For any initial guess x1 = x € Hy, define the sequence {x,}
by

yn = VI(C, \yA+ Iy, — xy),

Zn = VI(Q, ,unf + IHz - Tyn)a

Cn ={z € Hi:|lyn — 2| < |[zn — 2|},

D, ={z€ Hy : ||z — Tz|| <||Tyn — Tz||},

Wn = {Z c Hl : <Z — Tp,T1 *xn> < 0}7

Tnt1 = Pe,np.nw, (#1), n > 1,

where Iy, and Iy, are identity operators in Hy and Hy respectively, and {\,,}

and {p,} are two given sequences of positive numbers satisfying the following
condition:

min {inf, {\,}, inf,{p,}} >r >0.

For more details on Algorithms 5.1 and 5.2, see [27, Section 3, Algorithm 1]
and [28, Page 12, Section 4.4], respectively.

For the numerical computations, we define
TOL, := % (n — Pe(tn — M) |2 + | Tt — Po(Titn — puf Ta)|?)
for Algorithms 3.2, 5.1 and 5.2. While for Algorithm (1.10), we define
TOL,, := % (llzn — Po(2n — Az, |[? + ||Tzn — ST,)?)
and use the stopping criterion TOL,, < € for the iterative processes, where

is the predetermined error. Note that if TOL,, = 0, then x,, € T, that is, z,,
is a solution of the SVIP considered in this paper.
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Note also that, all the codes for the computations are implemented in Mat-
lab 2016 (b). We perform all computations on a personal computer with an
Intel(R) Core(TM) i5-2600 CPU at 2.30 GHz and 8.00 Gb-RAM.

Ezample 5.3. Let Hy = Hy = Ly([0, 27]) be endowed with inner product
27
(z,y) :/ x(t)y(t)dt ¥V x,y € La([0,27]) and norm ||z|| :
0
2 1
2 2
= (/ |z (t)] dt) Y 2,y € La([0, 27]).

0

Let C = {z € Ly([0,27]) : (y,z) < a}, where y =t + ¢3! and a = 2. Then,
a—(y,z) :
+z, if (y,z) > a,
Po(z) = { Wiz Y (y, )

Tll2,
x, if (y,z) <a.
Also, let Q = {x € L2([0,27]) : ||z —e||r, < b}, wheree =t +2 and b= 1,
then @ is a nonempty closed and convex subset of Lo ([0, 27r]. Thus, we define
the metric projection Py as:

x, if z € Q,
Po(x) = { e

b+ e, otherwise.
To—ellz; 0 T &

Now, define the operator A : Ly([0,27]) — L2([0, 27]) by

Az(t) = /02” (m(t) — ((jj‘j;) cosm(s))ds + 8\22;_1,

Then A is 2-Lipschitz continuous and monotone on Ls ([0, 27]) (see [16]). Also
define the operator f : Ly([0,27]) — L2([0, 27]) by

fz(t) :/0 z(s)ds, = € Lo([0,27]).

Then, f is also Lipschitz continuous and monotone with Lipschitz constant
Ly = 2 (see [2]). Let T : Ly([0,2n]) — La([0, 27]) be defined by

27

Tx(s) = K(s,t)x(t)dt Vo € Ly(]0, 27)),
0

where K is a continuous real-valued function defined on [0, 27| x [0, 27]. Then
T is a bounded linear operator with adjoint

2

T x(s) = ; K(t,s)x(t)dt Yo € La([0, 27]).

In particular, we define K (s,t) = e~ % for all s,t € [0, 27].
For Algorithm (1.10), we define the mapping S : Ly([0, 27]) — L2([0, 27]) by

2m
Sz (t) = / z(t)dt, = €][0,1].
0
Then, S is nonexpansive. We also define h : L ([0, 27]) — L2([0, 27]) by

x € LQ([O, 27’(])

2w
h:c(t):/o %z(t)dt, z € 0,1].
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TABLE 1. Numerical results for Example 5.3

Cases Alg 3.2 Alg (1.10) Alg5.1 Alg5.2

I: (¢ =1079) CPU time (s) 2.1401  11.4665 5.9567  5.0631
No. of Iteration 16 78 39 19

I: (¢ =1079) CPU time (s) 2.4087  11.6153 7.1388  6.0725
No. of Iteration 19 97 47 23

I: (¢=10"7)  CPU time (s)  2.5032 14.2647  8.2433  6.7110
No. of Iteration 22 117 55 26

II: (¢ =1077) CPU time (s) 1.9927  10.5539 6.4948  5.5345
No. of Iteration 17 88 42 21

II: (¢ =1079) CPU time (s) 2.2628  12.9709 7.6347  6.1992
No. of Tteration 20 107 50 24

II: (¢ =1077) CPU time (s) 2.6799  16.1140 9.0545  7.1845
No. of Iteration 23 127 58 27

III: (¢ =10"°) CPU time (s) 2.0941  11.9777 6.8835  5.8391
No. of Iteration 18 97 45 22

IIL: (¢ =107%) CPU time (s) 2.4939  15.3438 8.0511  6.6407
No. of Iteration 21 117 53 25

IIL: (¢ =10""7) CPU time (s) 2.7110  18.3569 9.3688  7.7041
No. of Iteration 24 137 61 29

Then, h is a contraction mapping.

Furthermore, we choose \ = i, =15, Qn = ﬁ and 0,, = % — «, for all

n > 1. Now, consider the following cases.

Case I: Take z1(t) = sin(2t) + €3t

Case II: Take x1(t) = 2e! + .
Case III: Take z;(t) =t + t°.

Using these cases (Case I-Case III above), we obtain the numerical results
in Table 1 and Figs. 1, 2, 3, which show that our method performs better
than Algorithm (1.10) of Tian and Jiang [41], Algorithm 5.1 of Pham et al.
[27] and Algorithm 5.2 of Reich and Tuyen [28], in terms of CPU time and
number of iteration.

Ezample 5.4. Let Hy = (L(R), || - ||,) = Ha, where b(R) := {& = (21, z2, 23,

)y m €RYZ ol < oo} and ||zl i= (oo |2il*)? Vo € b(R). Now,

define the operator T : L(R) — k(R) by
T2 I3

Tx = (Owl,—

2,3,...), Vz € b(R).

Then, T is a bounded linear operator on k(R) with adjoint

T*y = (yQa y2737 %7 = ) ) Vy € ZQ(R)
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107 . . . : . . .
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—%— Algorithm 5.1 —— Algorithm 5.1
Algorithm 5.2 Algorithm 5.2

TOL
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108 . . . . . 108 ] |
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Iteration number (n) Time (sec)
FIGURE 1. The behavior of TOL,, with ¢ = 10~7 for Case I
of Example 5.3
10! . . . . . . . . .
E, —— Algorithm 3.2 —— Algorithm 3.2
100 ‘»‘; ——8&— Algorithm (1.10) | | —— Algorithm (1.10)
—>— Algorithm 5.1 —— Algorithm 5.1
% Algorithm 5.2 Algorithm 5.2
g ] ) E
] <]
[ =
108 . . . . \ . . \ .
0 20 40 60 80 100 120 140 5 10 15 20

Iteration number (n) Time (sec)

FIGURE 2. The behavior of TOL,, with ¢ = 107 for Case
II of Example 5.3

To see that T is linear, let @ = (21,22, 23,...), ¥ = (y1,Y2,Y3,...) be arbi-
trary in k(R) and aq, ag be arbitrary in R. Then,

1Ty + « a3 + «
T(onz + any) = (07 a1xy + oy, -2 202 13 2y3,"')

2 ’ 3
QY2  Q2Y3

) (0, agyy, 220 22 LY

)*( @Y Ty

(0 Q1r2 Qx3
= a1y, —

3 141, 2 ) 3
=T (x) + aT(y).

Therefore, T is linear. T is also bounded since ||Tx||, < ||z||;, Yz € L(R).
The verification that 7™ is the adjoint of T" follows directly from definition.
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10" g T
2 —¥— Algorithm 3.2
—¥— Algorithm (1.10) | |

—&— Algorithm 3.2
—&— Algorithm (1.10) | ]

—>— Algorithm 5.1 —%— Algorithm 5.1
Algorithm 5.2 Algorithm 5.2
107!
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. . 107
e Sl
10
10"
10
107
10-50 2‘0 4‘0 6‘0 B‘O 11‘30 1%0 140 10-BO ;) 1‘0 1‘5 20
Iteration number (n) Time (sec)
FIGURE 3. The behavior of TOL,, with ¢ = 10~7 for Case
IIT of Example 5.3
TABLE 2. Numerical results for Example 5.4
Cases Alg 3.2 Alg (1.10) Alg5.1 Alg5.2
A: (e = 10’8) CPU time (sec) 0.0150 0.0503 0.0348 0.0346
No. of Iteration 11 139 49 36
A: (e = 10_9) CPU time (sec) 0.0169 0.0523 0.0371 0.0368
No. of Iteration 13 159 55 41
B: (e = 10’8) CPU time (sec) 0.0180 0.0504 0.0401 0.0400
No. of Iteration 11 132 47 36
B: (e = 10_9) CPU time (sec) 0.0181 0.0521 0.0404 0.0402
No. of Iteration 12 152 53 40
C: (¢=10"%) CPU time (sec) 0.0167 0.0505 0.0345 0.0296
No. of Iteration 11 138 49 21
C: (e = 10’9) CPU time (sec) 0.0183 0.0553 0.0429 0.0321
No. of Iteration 12 158 55 23

We define C = Q = {z € (R) : |[z—e||, < b}, wheree = (1,4,%,-+-),b=3
for C and e = (%, i, %, ), b=1for Q. Then C, Q are nonempty closed and
convex subsets of I (R). Thus,

x, ifzellz—ell, <b,
Fo(z) = Po(r) = { z—e :

llz—ell,

b+ e, otherwise.

Now, define the operators f, A : b(R) — (R) by Az = 3z and fz = 3z for
all z € ZQ(R)



98 Page 18 of 23 C. Izuchukwu et al. JFPTA

100 . . . 100 . .
—&— Algorithm 3.2 —k— Algorithm 3.2
—=&— Algorithm (1.10) —— Algorithm (1.10)
—>¢— Algorithm 5.1 —%— Algorithm 5.1
Algorithm 5.2 Algorithm 5.2
102 102
104 10
) -
o o
F =
10 108
108 108k
10710 . . . . . \ \ 10710 \ . . . .
0 20 40 60 80 100 120 140 160 0 0.01 0.02 0.03 0.04 0.05 0.06
Iteration number (n) Time (sec)
. . — 9
FIGURE 4. The behavior of TOL,, with ¢ = 1077 for Case
A of Example 5.4
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FIGURE 5. The behavior of TOL,, with ¢ = 109 for Case
B of Example 5.4

More so, for Algorithm (1.10), we define the mappings S, h : L(R) — &L(R)
by Sx = (0,x1,x2,...) and hx = (O, o B ) for all z € L(R).

Then, we choose A = %, = %, a, = Tlﬁ and 6, = % —ay, for alln > 1,
and consider the following cases.

Case A: Take 27 = (1, %, %, S

Case B: Take 21 = (3, £, 15, )-

Case C: Take 27 = (1, 7, %, S

Using (Case A—Case C above), we obtain the numerical results displayed in
Table 2 and Figs. 4, 5, 6, which show that our method still performs better
than Algorithm (1.10) of Tian and Jiang [41], Algorithm 5.1 of Pham et al.

=
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FIGURE 6. The behavior of TOL,, with ¢ = 10~° for Case
C of Example 5.4

[27] and Algorithm 5.2 of Reich and Tuyen [28], in terms of CPU time and
number of iteration.

6. Conclusion

Strong convergence of a new iterative method for solving SVIP is established
in two real Hilbert spaces under some relaxed assumptions. In particular,
the strong convergence result is obtained when the operators A and f are
monotone and Lipschitz continuous and this makes our method have much
more potential applications than many existing methods for solving the SVIP
(1.2)—(1.3). Moreover, the proof of the strong convergence of our method does
not rely on the usual “T'wo Cases Approach” widely used in many papers to
guarantee strong convergence. Furthermore, some numerical experiments of
this method in comparison with Algorithm (1.10), Algorithms 5.1 and 5.2,
are carried out in two infinite dimensional Hilbert spaces. In fact, in all our
comparisons, the numerical results demonstrate that our method performs
better than these algorithms.

As a concluding remark, we emphasize that the main novelty of this
paper is in the design of a method and the proof of its strong convergence to
a solution of the SVIP without the restrictive co-coercive assumption on the
underlying operators usually assumed in many other existing papers in the
literature.
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