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Abstract

The main purpose of this paper is to introduce some viscosity-type proximal point algorithms
which comprise of a nonexpansive mapping and a finite sum of resolvents of monotone
operators, and prove their strong convergence to acommon zero of a finite family of monotone
operators which is also a fixed point of a nonexpansive mapping and a unique solution of
some variational inequality problems in an Hadamard space. We apply our results to solve a
finite family of convex minimization problems, variational inequality problems and convex
feasibility problems.

Keywords Monotone operators - Convex feasibility problems - Variational inequalities -
Minimization problems - Viscosity iterations - CAT(0) space
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1 Introduction

Let X be a complete metric space, then X is called an Hadamard space if it is geodesically
connected, and if every geodesic triangle in X is at least as thin as its comparison triangle in
the Euclidean plane. The extension of known concepts from Hilbert, Banach and topological

X1 O.T. Mewomo
mewomoo @ukzn.ac.za

C. Izuchukwu
izuchukwu_c@yahoo.com; izuchukwuc @ukzn.ac.za

A. A. Mebawondu
216028272 @stu.ukzn.ac.za; dele@aims.ac.za

K. O. Aremu
218081063 @stu.ukzn.ac.za

H. A. Abass
216075727 @stu.ukzn.ac.za; hammedabass548 @ gmail.com

School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal, Durban,
South Africa

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12215-019-00415-2&domain=pdf
http://orcid.org/0000-0003-0389-7469

476 C. lzuchukwu et al.

vector spaces, as well as Hadamard manifolds to Hadamard spaces has been of great interest
to many researchers in this direction. One of such known concept is the theory of monotone
operators which is known to be one of the most important notions in optimization theory.
Monotone operator theory is an area of research in mathematics that has received a lot
of attention, and has enjoyed many prosperous developments in recent time. An important
problem in monotone operator theory is the problem of finding a zero of a monotone operator,
defined as: find x € D(A) such that

0 e Ax, (1.1)

where A is a monotone mapping (to be defined in Sect. 2) and D(A) denotes the domain of
A. The solution set of problem (1.1) is known to be closed and convex (see [39]) and we
denote it by A~'(0). Many optimization problems can be modelled as problem (1.1). For
instance, the problem of finding a solution of a minimization problem for a proper convex and
lower semicontinuous function (see for example, [2,15,16,21,23,24,38,45]) can be modelled
as problem (1.1). In this case, the monotone operator is the subdifferential of the convex
functional. Also, a solution of problem (1.1) is a solution of a variational inequality problem
(we shall discuss these in details in Sect. 4). Moreover, the problem of finding a zero of
monotone operators describes the equilibrium or stable state of an evolution system governed
by the monotone mapping, which is very important in ecology, physics, economics, among
others (see [5,6,13,22,25,28,34,39,49] and the references therein). Thus, researchers in this
area have devoted a lot of efforts in developing different iterative techniques for approximating
solutions of problem (1.1). A classical iterative technique for approximating solutions of
problem (1.1) is the Proximal Point Algorithm (PPA), which was introduced in Hilbert
spaces by Martinet [33] and was further developed by Rockafellar [40] for approximating
solutions of (1.1) in a real Hilbert space H as follows: for arbitrary xo € H, the sequence
{x,} is generated by

Xp—1 — Xn € AA(xy), (1.2)

where {1, } is a sequence of positive real numbers. Rockafellar [40] proved that the sequence
{x,} generated by Algorithm (1.2) is weakly convergent to a solution of (1.1), provided
An = A > 0for each n > 1. Since then, many other researchers have developed and studied
different modifications of the PPA for finding solutions of (1.1) in both Hilbert and Banach
spaces (see [9,11,14,27,35-37,43]), as well as Hadamard manifolds (see [31,48] and the
references therein).

The study of the PPA for approximating solutions of problem (1.1) has recently been
extended from these spaces to Hadamard spaces. For instance, Khatibzadeh and Ranjbar
[28] introduced and studied the following PPA in an Hadamard space for approximating a
zero of a monotone operator, for which they obtained a A-convergence result:

X()GX, 13
Xn = J;,Xn—1,

where J. /{1 is the resolvent of the monotone mapping A (to be defined in Sect. 2) with sequence
{An} C (0, 00) such that ZZO: 1 A = oo. They also obtained a strong convergence result
using the above PPA under the assumption that A is strongly monotone.

Very recently, Ranjbar and Khatibzadeh [39] proposed and studied the following Mann-
type and Halpern-type PPA in Hadamard spaces for approximating solutions of (1.1):
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X0 € X,
4 (1.4)
Xn+l = OpXy © (I- O‘n)J)Lnxn
and
u,xg € X,
(1.5)
Xpp1 = opu @ (1 — Oln)J;:)Cn,

where {1} C (0, c0) and {«,} C [0, 1]. Using (1.4) and (1.5), they obtained A-convergence
and strong convergence results respectively, under some suitable conditions.

Motivated by the results of Khatibzadeh and Ranjbar [28], and the results of Ranjbar and
Khatibzadeh [39], we introduce some viscosity-type PPAs which comprise of a nonexpan-
sive mapping and a finite sum of resolvents of monotone operators, and prove their strong
convergence to a common zero of a finite family of monotone operators which is also a
fixed point of a nonexpansive mapping and a unique solution of some variational inequality
problems in an Hadamard space. Furthermore, we apply our results to solve a finite family of
convex minimization problems, variational inequality problems and convex feasibility prob-
lems. Our results extend and improve the results of Khatibzadeh and Ranjbar [28], Ranjbar
and Khatibzadeh [39] and many other important results in this direction.

2 Preliminaries

In this section, we recall some basic and useful results that will be needed in establishing our
main results.

Definition 2.1 Let (X, d) be a metric space, x,y € X and I = [0, d(x, y)] be an interval.
A curve c¢ (or simply a geodesic path) joining x to y is an isometry ¢ : I — X such that
¢(0) = x,c(d(x,y)) = yandd(c(t), c(t') = |t —t'| forallz, ¢’ € I. The image of a geodesic
path is called the geodesic segment, which is denoted by [x, y] whenever it is unique.

Definition 2.2 [19] A metric space (X, d) is called a geodesic space if every two points of
X are joined by a geodesic, and X is said to be uniquely geodesic if every two points of
X are joined by exactly one geodesic. A subset C of X is said to be convex if C includes
every geodesic segments joining two of its points. Let x, y € X and ¢ € [0, 1], we write
tx @ (1 — t)y for the unique point z in the geodesic segment joining from x to y such that

dx,z) = (1 —1t)d(x,y) and d(z,y) =td(x,y). 2.1

A geodesic triangle A(x1, x2, x3) in a geodesic metric space (X, d) consists of three vertices
(points in X) with unparameterized geodesic segment between each pair of vertices. For any
geodesic triangle, there is comparison (Alexandrov) triangle A C R? such that d (x;, x i) =
dga(x;, xj) fori, j € {1,2,3}. Let A be a geodesic triangle in X and A be a comparison
triangle for A, then A is said to satisfy the CAT(0) inequality if for all points x, y € A and
X,y €A,

d(x,y) <dr2(x,y). (2.2)

Let x, y, z be points in X and yg be the midpoint of the segment [y, z], then the CAT(0)
inequality implies

2 Lp gt
d*(x. y0) < 3 (6. y) + 5dP (. 2) = 1d (. 2). 2.3)

@ Springer



478 C. lzuchukwu et al.

Inequality (2.3) is known as the CN inequality of Bruhat and Titis [10].

Definition 2.3 A geodesic space X is said to be a CAT(0) space if all geodesic triangles satisfy
the CAT(0) inequality. Equivalently, X is called a CAT(0) space if and only if it satisfies the
CN inequality.

CAT(0) spaces are examples of uniquely geodesic spaces and complete CAT(0) spaces
are called Hadamard spaces.

Definition 2.4 [7] Let X be a CAT(0) space. Denote the pair (a, b) € X x X by ;l)a and call
it a vector. Then, a mapping (., .) : (X x X) x (X x X) — R defined by

1
(@b, cd) = 5 (d*(@.d) +d*(b.c) = d*(@.c) =’ (b.d)) Va.b.c.d € X
is called a quasilinearization mapping.

- — - — - — - —

It is easily to check that (ab, ab) = d*@a,b), (ba,cd) = —(ab,cd), (ab,cd) =
- = = — — — - — . .
(ae, cd)+ (eb, cd) and (ab, cd) = (cd, ab) foralla, b, c,d, e € X. A geodesic space X is
said to satisfy the Cauchy—Schwarz inequality if (a_l;, ZZ) <d(a,b)d(c,d)Va,b,c,d € X.
It has been established in [7] that a geodesically connected metric space is a CAT(0) space if
and only if it satisfies the Cauchy—Schwarz inequality. Examples of CAT(0) spaces includes:
Euclidean spaces R”, Hilbert spaces, simply connected Riemannian manifolds of nonpositive

sectional curvature, R-trees, Hilbert ball [20], Hyperbolic spaces [44], among others.

Based on the notion of quasilinearization mapping, the notion of the dual space of an
Hadamard space X was introduced by Kakavandi and Amini [1] by first introducing the
concept of pseudometric space which they defined as the space R x X x X endowed with a
pseudometric D, defined as

D((t,a,b), (s,c,d)) = L(O(t,a,b) —O(s,c,d)), (t,s €R, a,b,c,d € X),

where ® : R x X x X — C(X,R) is defined as O(¢t, a, b)(x) = t(a_l)),a_)x), for all t €
R, a,b,x € X, (C(X,R) is the space of all continuous real-valued functions on X) and
L(p) = sup{% 1 x,y € X, x # y} for any function ¢ : X — R. Moreover, D
defines an equivalence relation on R x X x X, where the equivalence class of (¢, a, b) is
[ta_l;] = {sa)i : D((t,a,b), (s,c,d)) = 0}. Then, the dual space of (X, d) is the metric
space X* = {[ta—l;] 1 (t,a,b) € R x X x X} together with the metric D. Furthermore, the
dual space X* acts on X x X by (x*,)T)))) = t(a_z,x_))z), x* = [t;z] € X*, x,y € X (see
[28]).

Definition 2.5 Let X be an Hadamard space. A point x € X is called a fixed point of a
nonlinear mapping 7 : X — X, if Tx = x. The set of fixed points of T is denoted by F(T).
The mapping T is said to be

(i) firmly nonexpansive (see [28]) if
2 Ty =
d“(Tx, Ty) <(TxTy,xy) Vx,ye€X,
(ii) nonexpansive if
d(Tx,Ty) <d(x,y) Vx,yeX.
From Cauchy-Schwarz inequality, it is clear that the class of nonexpansive mappings is

more general than the class of firmly nonexpansive mappings.
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Definition 2.6 [28]. Let X be an Hadamard space and X * be its dual space. Let A : X — X
be a multivalued operator such that D(A) := {x € X : Ax # (}. Then, A is called monotone
if

(x* —y*,3%) >0 Vx,y e D(A), x* € Ax, y* € Ay.

Definition 2.7 [28] Let X be an Hadamard space and X * be its dual space. Let A : X — 2X*
be any multivalued operator. Then, the resolvent of A of order A > 0 is a mapping J)f‘ X —
X defined by

JAx) = {z eX| [%a] € Az}. (2.4)

We say that a monotone operator A satisfies the range condition if forevery A > 0, D(J. f) =
X (see [28]).

The relationship between monotone operators and their resolvents in a CAT(0) space is
given in the following result which plays vital roles in establishing our main results.

Theorem 2.8 [28] Let X be a CAT(0) space and J)f‘ be the resolvent of a multivalued mapping
A of order M. Then,

(i) forany » > 0, R(J*) C D(A) and F(J*) = A=1(0), where R(J{) is the range of
JA
(ii) if A is monotone then J ){4 is a single-valued and firmly nonexpansive mapping,

(iii) if A is monotone and 0 < ) < p, then d*(J}'x, ij) < Z—;ﬁdz(x, ij).

Definition 2.9 Let {x,} be a bounded sequence in a geodesic metric space X. Then, the
asymptotic center A({x,}) of {x,} is defined by

A({x,}) = {17 € X : limsupd(v, x,) = inf limsupd (v, x,,)’ .
n—00 veX p—o0

It is generally known that in an Hadamard space, A({x,}) consists of exactly one point. A
sequence {x,} in X is said to be A-convergent to a point v € X if A({x,,}) = {v} for every
subsequence {x,, } of {x,}. In this case, we write A —lim,_, 5, x,, = v (see [18]). The concept
of A-convergence in metric spaces was first introduced and studied by Lim [32]. Kirk and
Panyanak [30] later introduced and studied this concept in CAT(0) spaces, and proved that it
is very similar to the weak convergence in Banach space setting. In this connection, see also
[42].

The following lemmas will be very useful in proving our main results.

Lemma 2.10 Let X be a CAT(0) space, x,y,z € X and t,s € [0, 1]. Then

Q) ditxd (1 —1)y,z) <td(x,z) + (1 = )d(y, z) (see [19]).

(i) d2(tx® (1 —1)y,2) <td*(x,z) + (1 —0)d*(y, z) — t(1 — 1)d?(x, y) (see [19]).
(iii) d>(tx ® (1 — 1)y, 2) < 12d>(x,2) + (1 — 1)2d*(y, 2) + 2t(1 — 1)(XZ, ¥Z) (see [17]).
(v) dtw® (1 —t)x, ty ® (1 — 1)z) < td(w, y) + (1 — 1)d(x, 2) (see [8]).

(V) z=1tx @ (1 — 1)y implies (zy, Z) < 1(xy,zx), Y w € X (see [17]).
Vi) dtxd (1 —t)y,sx d (1 —s)y) < |t —s|d(x,y) (see [12]).

Lemma 2.11 [50] Let X be a CAT(0) space. For any t € [0,1] and u,v € X, let u; =
tu @ (1 —t)v. Then, forall x,y € X,
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(1) (%, ury) < t{ux, wry) + (1 — 1) (X, ury);
(2) iz, uy) < t{ux, uy) + (1 — t)(vx, ux) and
(3) (%, v3) < t{ux, v3) + (1 — 1) (%, V).

Lemma 2.12 [19] Every bounded sequence in an Hadamard space always have a /-
convergent subsequence.

Lemma 2.13 ([41, Opial’s lemmal]) Let X be an Hadamard space and {x,} be a sequence in
X. If there exists a nonempty subset F in which

(1) lim,_ o d(xp, z) exists for every 7 € F, and
(i1) if {xn,} is a subsequence of {x,} which is A-convergent to x, then x € F.

Then, there is a p € F such that {x,} is A-convergent to p in X.

Lemma 2.14 [26] Let X be an Hadamard space, {x,} be a sequence in X and x € X. Then,
{xn}A-converges to x if and only if lim sup,,_, o, (x_x),,, x_))i) <Oforally € C.

Lemma 2.15 [46] Let {x,} and {y, } be bounded sequences in ametric space of hyperbolic type
X and {B,} be a sequence in [0, 1] withliminf, .« B, < limsup,_, ., B, < 1. Suppose that

Xnt1 = Bnxn ® (1 — Bp)yn for alln > 0 and lim sup,, _, oo (d (Yu+1, yn) — d(Xpy1, xn)) < 0.
Then limy,— 0 d(yy, x,) = 0.

Lemma 2.16 [51] Let{a,} be a sequence of nonnegative real numbers satisfying the following
relation:

ans1 < (I —ap)ay +apon +yu, n>0,

where (i) {an} C [0, 11, Doy = 00; (i) lim sup o, < 0; (iii) yn > 0; (n > 0), > yn < 0.
Then, a, — 0asn — oo.

Remark 2.17 (See also [47]). For a CAT(0) space X, if {x;,i = 1,2,..., N} C X, and
a; €[0,1], i =1,2,..., N. Then by induction, we can write

N N-—1
o
@O{jxl' = —-ay) @ ! Xi DanNxN. 2.5)
i=1 o L—ow

3 Main results

Lemma 3.1 Let X be a CAT(0) space, {x;, i =1,2,..., N} C X, {y;, i=1,2,...,N} C
X and o; € [0, 1] foreachi = 1,2, ..., N such that va:lai = 1. Then,

N N N
d (@ oixi, @am) <Y aid(xi, yi). 3.1)
i=1 i=1 i=1

Proof (By induction). For N = 2, the result follows from Lemma 2.10 (iv). Now, assume that
(3.1) holds for N = k, for some k > 2. Then, we prove that (3.1) also holds for N =k + 1.
Indeed, by Remark 2.17, Lemma 2.10 (iv) and our assumption, we obtain that
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k+1 k+1
(@ath @‘%_y:) < —axg1)d <@

+oagp1d (g1, Yir1)
k+1

<> ad(xi. yi).
i=1

Hence, (3.1) holds for all N € N. m]

I — gy

Lemma 3.2 Let X be an Hadamard space and X* be its dual space. Let A; : X — 2X° | i =
1,2,..., N be a finite family of multivalued monotone operators and T : X — X be a
nonexpansive mapping. Then, for B; € (0, 1) with ZlNzo Bi = 1, the mapping S, defined
by Syx = Box @ Bi J/{hx @ ,BZszx e P ,BNJ/{ANx is nonexpansive and F(T o S,,) €
O, FUMYNF(T) forallx € X, 0 < A < pu.

Proof Since A; is monotone foreachi = 1,2, ..., N, it follows from Theorem 2.8 that Jf i
is single-valued and nonexpansive for A > 0, i = 1,2,..., N. Thus, by Lemma 3.1, we
obtain

d($;x, $y) < Bod(x, y) + Brd(J x, JAy) + -+ Bnd (I x, IV y)

N
<Y Bid(x,y)
i=0
=d(x,y).

Hence, S is nonexpansive.
Now, letx € F(T' oS,)andv € ﬂ —1 F(JA’) N F(T). Then, by Lemma 3.1, we obtain

d(x,v) <d(Sux,v)
< Bod(x,v) + 1d(J, 1 x,v) + -+ + Byd(J 1V x, v)

N—1
< ) Bid(x,v) + Bnd(J; N x, v)
i=0
<d(x,v). (3.2)
From (3.2), we obtain that
N—1
d(x,v) =Y Bid(x,v) + Byd(J{Vx, v) = (1 — By)d(x, v) + Byd (JV x, v),
i=0

which implies that d(x, v) =d (J[f Nx, v). Similarly, we obtain
d(x,v) = d(" x0) = - = d(I2x, v) = d(I 2 x, ).
By the uniform convexity of X, we obtain that
x=J}x, i=12...N. (3.3)

Thus, d(x, Tx) =d(T S,x, Tx) < d(S,x,x) <0, which implies that x = T'x.
Since 0 < A < u, we obtain from Theorem 2.8 (iii) and (3.3) that

d(x, Jix) <2d(x, JHix) =0, i =1,2,...,N
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Hence, x = JA"x, i = 1,2,..., N. Therefore, we conclude that F(T o S,) C
NY, FUM) N FT). o

We now present our strong convergence theorems.

Theorem 3.3 Let X be an Hadamard space and X* be its dual space. Let A; : X —
2X" i =1,2,..., N be a finite family of multivalued monotone operators that satisfy the
range condition. Let T be a nonexpansive mapping on X and h be a contraction mapping

on X with coefficient T € (0, 1). Suppose that T := F(T)) (ﬂlNzlAi_l(())) # O and for

arbitrary x1 € X, the sequence {x,} is generated by

Yn = ,BOXn @,Bl.l)éllxn (&) 132‘])32)6" P - - eaﬁN‘])ian’

(3.4)
Xn = anh(xn) @ (1 _an)Tyn» n>1,

where 0 < A < A, Vn > 1 and {«,} is in (0, 1) satisfying the following conditions:
(1) lim,_ o0ty = 0 and Zflozl oy = 00,
(i) Bi € (0, 1) with "N i = 1.
Then, {x,} converges strongly to 7 € T which solves the variational inequality

== —2

(zh(z),uz) >0, VueTl. (3.5)

Proof Step 1 We first show that (3.4) is well defined. Let S),x, = Box, & ﬁllf: 'x, ®

B J}ézxn DD PN JC,an, then by Lemma 3.2, we have that S, is nonexpansive for all
n > 1. Now, define the mapping T,f’ : X — X as follows:

T'x = a,h(x) ® (1 — a,)T Sy, x.
Since T is nonexpansive, we obtain from Lemma 3.17 (iv) that
d(T)x, T'y) < apd(h(x), h(y) + (1 — a)d(T Spx, TS, )
< tod(x, y) + (1 — ap)d(Spx, Spy)
= (tap + (I —ap))d(x, y).

A

Since T € (0, 1), we have that 0 < (o, + (1 — @,)) < 1. Hence, Tnh is a contraction for
each n > 1. Therefore, by Banach contraction mapping principle, there exists a unique fixed
point x,, of Tnh for each n > 1. Thus, (3.4) is well defined.

Step 2 Next, we show that {x,} is bounded. Let v € T, by (3.4) and Lemma 3.17 (i), we
obtain

d(xp, v) < ayd(h(xy), v) + (1 — a)d(Tyn, v)
< a,td(xp, v) + apd(h(v), v) + (1 — Oln)d(ynv v)
= (1= el = ©)d (i, v) + cad (h(v), V), (3.6)
which implies that

d(h(v), v)

— T

d(xy,v) <

Hence, {x,} is bounded. Consequently, {y,} {Ty,} and {h(x,)} are all bounded.
Step 3 We now show that lim,, oo d (x5, Ty,) = limy— o d(x,, TSy, x,) =0and z € I'.
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From (3.4) and Lemma 2.10, we obtain that
dxn, Tyy) = d(@yh(x,) © (1 — o) Tyn, Tyn)
< apd(h(xn), Tyn). (3.7)
Since {h(x,)} and {T'y,} are bounded, we obtain from condition (i) and (3.7) that

lim d(x,, Ty,) = lim d(x,, TS, x,) =0. (3.8)
n—oo n—oo

Now, by the boundedness of {x,} and the completeness of X, we obtain from Lemma 2.12
that there exists a subsequence {x,,} of {x,} such that A — lim_, o x,, = v. Again, since
T o S}, is nonexpansive (and every nonexpansive mapping is semiclosed), it follows from

(3.8), Lemma 3.2 and Theorem 2.8 (i) that § € F(T o S3,) € (L, F(J;")N F(T) =T.

Step 4 We show that {x,} converges strongly to z. Since {x,, } A-convergesto v € I, it
follows from Lemma 2.13 that there exists z € IT" such that {x,} A-converges to z. Thus, by
Lemma 2.14, we obtain that

lim (7(Z)7, X.2) < 0. (3.9)

n—oo

Also, by Lemma 2.10 (iii) and (3.4), we have
d*(xp, 2) < a2d*(h(xn), 2) + (1 — a)d*(Ty,, 2)
+ 20, (1 — ) (R 2. Tyn?)
< &2d*(h(xy), 2) + (1 — ay)d* (xy, 7)
+ 200 (1 — @) [ Cin) 2 Tymn) + (i) A (Z). X )
_— —
+(h(D)Z, X22)]
< &2d?(h(xn), 2) + (1 — ap)d* (xn, 7)
—_— ) _ — —
+ 20, (1 — ) [(h(xp)2Z, Tynxn> + 1d”(xp, 2) + (h(2)Z, xn2)]
< [ = ) + 2001 — ) @5, 2

ot [ @ (50), ) + 21 = ) (T, 20) [ d ), 2)
— —
+ 20, (1 — an) (h(2)Z, X1 2). (3.10)

Therefore

P, 2 < ). ) 20— )Ty, 5B, 2) | 20 = ) () 30)
me= [1—27(1 —au)] (1—-2t(1 —ay)]

which implies from condition (i), (3.8) and (3.9) that

1im d®(x,, 2) = 0.

Therefore, lim x, = Z.
n—oo

Step 5 Finally, we show that 7 is a solution of (3.5). From Lemma 2.10 (ii) and (3.4), we
obtain for all u € I" that

d*(xm, 1) < opd® (h(xp), 1) + (1 — )d>(Tym, u)
— (1 = @) (h (), Tym)
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< tpd? (h(xm), 1) + (1 — ay)d (X, 1)
— (1 — a)d (h (), Tym),

which implies
d* (o, u) < d*(h(em), u) — (1= am)d* (h(xm), Tym).
Thus, taking limit as m — 0o, we obtain
d*(zZ,u) < d*(h@), u) — d*(h(Z), ).
Hence,
(Zh(2). uz) = %(dz(h@, u) —d*(Z,u) — d*(h(z), 2)) >0, Vuel.

Therefore, we have that 7 solves the variational inequality (3.5).
Now, assume that {x,,} A-converges to u. Then, by the same argument, we obtain that
u € I' solves the variational inequality (3.5). That is,

—_— =2 —_— —
(uh(u), uz) <0. Also (zh(z), zu) <0.
Now, adding both, we get

- —> —_— —>
> (Zh(2), Zu) — {(uh(u), Zu)
T —_> —
= (Zh(u), zu) + (h(u)h(z), Zu)
— = - =
—(uz, zu) — (zh(u), zu)
- — —_— >
<z z) (h(u)h(z),um

> (zu, zu) —d(h(u)h(z))d(u, 7)
> d>(Z,u) — td*(u, 2)
= (1 —1)d* @ u).
which implies thatd(z, u) = 0. Hence, z = u. Therefore, {x,} converges strongly to z, which

is a solution of the variational inequality (3.5). O

By setting T = I (where [ is the identity mapping on X) and & (x) = c for arbitrary but
fixed c € X and Vx € X, we obtain the following corollary.

Corollary 3.4 Let X be an Hadamard space and X* be its dual space. Let A; : X —
2X" i =1,2,...,N be a finite family of multivalued monotone operators that satisfy the
range condition. Suppose that I := ﬂlN:l Ai_l(O) # O and for arbitrary ¢, x1 € X, the
sequence {x,} is generated by

Y = Poxn @ PLIL xn @ Bod 2 xy @ - ® By TN xn, G1)
Xp =0pc @ (L —an)yn, n=1, '
where 0 < A < X, Yn > 1 and {ay,} is in (0, 1) satisfying the following conditions:

() limy— ooty = 0and Y o2 | oy = 00,
i) B; € (0. 1) with N o B = 1.

Then, {x,} converges strongly to z € T'.

By setting N = 1 in Theorem 3.3, we obtain the following result.
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Corollary 3.5 Let X be an Hadamard space and X* be its dual space. Let A - X — 2X" bea
multivalued monotone operator that satisfies the range condition. Let T be a nonexpansive
mapping on X and h be a contraction mapping on X with coefficient t € (0, 1). Suppose
that T := F(T) N A~'(0) # @ and for arbitrary x| € X, the sequence {x,} is generated by

X = anh (i) & (1= an)T (Boxa ® Profixa) . n= 1, (3.12)

where O < . < X, Vn > 1 and {a,} is in (0, 1) satisfying the following conditions:

() limy— ooty = 0and Y o2 | oy = 00,
Gi) Bi € (0,1), i =0, 1 with o+ 1 = 1.

Then, {x,} converges strongly to 7 € T which solves the variational inequality
- =
(zh(z), uz) >0, Vuel. (3.13)
The following remark will be needed in the proof of the next theorem.

Remark 3.6 If X is a CAT(0) space and A : X — 2X" is a multivalued monotone mapping,
then for 0 < A < u, we have that

[ a
d(Jtx, i) < ( 1- ) d(x, J'x), VxeX.
"

Indeed, from Theorem 2.8 (iii), we obtain that

WA A

2, 7A A H
Td (Jix, Ju x) <

—A
——d*(x, J}\x),
which implies that

A
d*(Jix, T < (1 - ;) d*(x, J'x).

d(J{x, J}x) < (H) d(x, Jix).

Theorem 3.7 Let X be an Hadamard space and X* be its dual space. Let A; : X —
2X" i =1,2,...,N be a finite family of multivalued monotone operators that satisfy the
range condition. Let T be a nonexpansive mapping on X and h be a contraction mapping
on X with coefficient T € (0, 1). Suppose that T := F(T) N (ﬂlNzl A;1(0)> # ) and for
arbitrary x| € X, the sequence {x,} is generated by

That is,

Yn = Boxn EB,BIJ;iilxn @"'@ﬂNJ)ian,

w, = lg’knh(xn) ® J#T)ﬁu (3.14)

Xnt1 = Bnxn @ (1 — B)wy, n>1.

where {a,}, {8y} and {y,} are sequences in (0, 1), and {)\,} is a sequence of positive real
numbers satisfying the following conditions:
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(i) limy— o0y =0and Y 02 oy = 00,

(i) 0 <liminf, o0 B <limsup, , . B <L ayn+Bn+va=1Vn>1,
(i) O <A <A, Vo >1landlim,_ oo Ay = A,
(iv) B € (0, 1) with "N i = 1.

Then, {x,} converges strongly to 7 € T'.

Proof Step 1 We show that {x,} is bounded. Let u € I" and set S, x, := Box, ® Bi JAA” 'x, ®
- @ BN J){t”x,,, then from (3.14), Lemma 2.10 (i) and Lemma 3.2, we obtain that

d(xpy1, u) < Bud(xn, u) + (1 = Bu)d(wy, u)

< Bud(xp, u) + (1 — By) |:

ﬂnd(h(x”) u) + = 5

"y td(xy,, 1) ,3

d(Ty,, u)]

< Bud(xp,u) + (1 — By) |:

+ 2 ﬁnd<Tyn, u)]

=< (Bn + tan)d (Xn, u) + Yud (S, Xn, u) + apd (h(u), u)
= (1 —ap(I = 1)d(xn, u) + apd (h(u), u)
d(h(u), u)}

< maX{d(xn,u)Jr
1—1

< max {d(xl, u) + d(r@), w) } .

1—1
Hence, {x,} is bounded. Consequently, {y,}, {#(x,)} and {T (y,)} are all bounded.

Step 2 Next, we show that lim,,_, oo d (X1, X,,) = 0. Now, from (3.14), Lemma 2.10 (iv),(vi)
and the nonexpansivity of 7', we obtain that

d(Wpi1, wy) = d(linignl“h(xwﬂ ® 11/"712;:“Tyn+1, - ﬂnh(x,,) e - ,Bn Tyn)
< d(linig’:“h(quﬂ) ®(1- lf”ign‘“)rynﬂ, ﬁh(m ® (1
Xn+1
- 1_’17“)7%)
+d(1i"7;nl+lh(m) ®(1- %)Tyn’ 1ii”ﬁnh(xn) @ (1
o
o))
= 1?7;:“”(’%% ) + (1 = ﬂigiﬂ)d()’n+lv )
I ). o) (3.15)

Without loss of generality, we may assume that 0 < A,y < A, Yn > 1. Thus, from (3.14),
condition (iv), Lemma 3.1 and Remark 3.6, we obtain
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d(yni1. y) = d(Boxn1 @ BrJL xnp1 @ @ By IY xuir, foxn ® BiI x, @ -
@ﬁNJ):tan)

N
< Bod (tns1, ) + Y Bid (L Xuir. T )

i=1

N N
< BodGentt, %) + Y Bid T e, 0 %)+ Y Bid (T s T )
i=1 i=1
ot o
< dGnr, o) + (1= )Eﬂid(fgxmxn)
1=
)\n+l
< ) + (1= 25 ) u, (3.16)
n

where M := sup,,-, { Z,N=1 ,Bl-d(J)i"xn, xn)}. Substituting (3.16) into (3.15), we obtain that

Apt1 On+1
1- ,Bn—H 1 - ,3n+1
+< 1_)"n+l><1_ At )M

An 1- ,3n+]
Up41 oy

_,Bn—H a 1_,3}1

d(Wpt1, wy) < td(Xn+1, Xn) + (1 - )d(xn—H’ Xn)

+| d(h(xa). Tyn)

[ %l _ _ Antl Ot
- [1 1 — But1 a t)]d(xn—H’ ) ( ! An )(1 1 - ,Bn-H)M

Up41 oy

_,Bn—H - 1_,3n

Since lim,, oo 0y =0, lim,_ 00 Ay = A and {h(x,)}, {Ty,} are bounded, we obtain that

+| d(h(xn). Tyn).

lim sup (d (wy41, W) — d(Xps1, %)) < 0.
n—oo

Thus, by Lemma 2.15 and condition (ii), we obtain that
lim d(w,, x,;) = 0. (3.17)
n—o0
Hence, by Lemma 2.10, we obtain that

d(xpt1, x0) < (1 = Bu)d(wy, x,) = 0, as n — oo. (3.18)

Step 3 We now show that lim, e d(x,, T(S3,)X,) = 0 = lim,— 00 d(wp, T(Sy,)wy).
Observe from Remark 2.17 that (3.14) can be rewritten as

Y = Boxn ® BLIN xn @ - @ B ISV,

Xl = anh(x) @ (1 —%)(%@?’"), > 1.

(3.19)

Thus, by Lemma 2.10, we obtain that

BnXxn ® YuTyn )

Buxn © YT yn
<oydlh , ——————
a1 —ay) 273 ( (xn)

d ,
(xn+1 = (1 —ay)

) 0, as n— oco. (3.20)

@ Springer



488 C. lzuchukwu et al.

Also, from (2.1), we obtain

d( n’ﬂnxn@VnTyn>= Vn
(1 —ay) 1
which implies from (3.18) and (3.20) that

d(xn, Tyn),
n

Bnxn @ YuTyn
(I —an)

Tyn) = dCon, xue) +d (i1, )= 0. asn— oo

Hence,
lim d(x,, Ty,) = lim d(x,, T(Sy,)x,) =0. (3.21)
n—o0 n—oo

Since {x,} is bounded and X is an Hadamard space, then by Lemma 2.12, there exists a
subsequence {x,, } of {x,} such that A — limy_, x,, = . Again, by the nonexpansivity
of T o S;,, we obtain from (3.21), condition (iii), Lemma 3.2 and Lemma 2.8 (i) that u €
F(ToS,) €Y, FUMNFT) =

Also, by (3.17) and (3.21), we obtain

d(wy, T(Skn)wn) < d(wy, x,) + d(x,, T(S)»,,)xn) + d(T(Skn)xna T(Skn)wn)
< 2d(wy, x,) +d(xy, T(S),xn) — 0, asn — oo. (3.22)

. ——2 —=
Step 4 Next, we show that lim sup,_, . (h(2)z, x,,z) < O
If we set Thx = Bux & (1 — B)w, where w = - ﬁ )h(x) & (ly’” T(S,,)x, then by
following the same method of proof as in the proof of Theorem 3.3, we get that T is a
contraction for each m > 1. Thus, there exists a unique fixed point z,, of T ¥m > 1. That
is,

Zm = Bmzm ® (1 = Pm) W, where wy, = 7= ﬂ )h(Zm)EB =5 T (Sx,,)zm - Furthermore,
it follows from Theorem 3.3 that lim,, . 2, = z € I'. Thus, we obtain that

d(zm, wp) =dBmzm © (1 — Bn) W, wy)
< Bnd(@m, wp) + (1 = Bu)d (Wi, wy),

which implies that
d(zm, wp) < d(Wpy, wy). (3.23)
From (3.23) and Lemma 2.10(v), we obtain that
d® (Wi, Wn) = (W Wp, W W)

_—s N _ N
= (me(S)»m)Zm, Wy wy) + (T(Skm)zlnwn» Wy Wy )

= (] iﬂ )<h(Zm)T(S)Lm)Zm, wmwn> <T(SA,an)wn, Wy W)
=az T M T (S5, 2. Tz + (lf#wm)wn,z—’mwu
(1 fmﬁ )(wnT(S)LmZm)7 ZmWim) + <T(Skmzm)T(S)\mwn)v Wi W)
+ <T(S}»mwm)v wmwn>
M d(h(zm). T(S d h
= (1 — B (h(zm), T( Amzm)) Wiy Zm) + ——— (a _lgm ( (Zm)Z}mmen)
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o —_—
(2w T (S, zZm)s Zmwn) +d(T (Si, zm)s T (S, wi))d (W, W)

I
(1= Bm)
+ d(T(S)men) Wy )d (W, W)
AUm _
d(h(zm), T (S, z2m))d Wy, Zm hmm,mn
_(l—ﬁm)((Z) (S zm)d(w z)—i-( ﬂm)((Z)Z ZmWn)
+ Ufﬁ(zmn&mzm, T} + d s wan)d (W, w,)
+ d(T(SAmwn) wn)d(wns Win)
Oy Y —
= (1 ’Bm)d(h(zm) T(Skmzln))d(wns Zm)+ (1 _ﬂm (h(Zm)Zm’ men>
U
(1 _ﬁm)d(zm’ T(S)»,,,Zm))d(wmv Zm) +d (W, wy)

+ d(T(SAm Wy), wn)d(wm W),

which implies that

(h(zm)zm, Wnzm) < d(h(zm), T(S)»m)zm)d(wnv Zm) +d(zm, T(S)»m )Zm)d (Zm, W)
+ L2 4 (s, wn)d wn, wa),

U

Thus, taking lim sup as n — oo first, then as m — o0, it follows from (3.17),(3.21) and
(3.22) that

lim sup lim sup (2 (zu)Zm» Wnzm) < 0. (3.24)
m-—0Q0 n—o0

Furthermore,

— — — —> —_ —

(h(2)z, xp2) = (W(@Dh(zm), Xu2) + (W (Zm)Zms Xnwy) + (M (Zw)Zm, Wnzm)

_ — —
+ (h(@m)zm, Zm2) + (ZmZ, Xn2)

_ _ e N
<dh@), h(zm)d(xp,2) +d(h(zm), Zm)d (Xn, wy) + (A(Zm)Zm, WnZm)
+ d(h(zm), Zm)d(zm, 2) +d(zm, 2)d(xp, 2)

< A+ v)d(@m, Dd(xp, 2) + (h(Zm)zm, Wnzm)
+ [d(xn, wy) +d(@Zm, D1d (B (zm), Zm),

which implies from (3.17), (3.24) and the fact that lim,,— o0 2, = Z, that
lim sup(h(z2)z, x,z) = lim sup lim sup(h(2)z, x,2)
n—oo m—00 n—oo

< lim sup lim sup(h(z;m)Zm, Wnzm) < 0. (3.25)

m—oo0 n—>0o0

Step 5 Finally, we show that {x,} converges strongly toz € I'.
From Lemma 2.11, we obtain that

(n%, %0%) = " o )2 1) + i TS0 )
=< m( Ch @), xa2) + a _,Bn)< )z, xn2)

(1 - /Sn d(T(S)\” )Xn, 2)d (X, 7)
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= gy D (Z)””ZH( 7

[ on r+( all )]d(x Dt — (W@ xnd)-
(11— B 1— By " (1—ﬁn) !

Thus, from Lemma 2.10, we have
d*(xn41,2) < Bud” (60, 2) + (1 = B)d’ (wy, 2)
) _ —> —2
= Bud”(xp, 2) + (1 — Bu)(wyZ, wy2)
— N — —
= .Bndz(xnv 2) + (1 = B l{wnz, wpxy) + (WiZ, X,2)]
2 — — — - =
< [Bu +ant +yuld” (x4, 2) + (1 — B)(wn2, wpxy) + @y (h(2)Z, x,2)

)d (xi’h Z)

1 — —
< (I —an(1 —1)d* (%, 2) + (1 = 7) [ (h(z)z xnzq

+ (1 = Bu)d(wy, xp)d(wy, 2). (3.26)
By (3.17) and applying Lemma 2.16 to (3.26), we obtain that {x, } converges strongly to z. O

By setting T = [ in Theorem 3.7, where [ is an identity mapping on X, we obtain the
following result.

Corollary 3.8 Let X be an Hadamard space and X* be its dual space. Let A; : X —
2X" i =1,2,...,N be a finite family of multivalued monotone operators that satisfy the
range condition. Let h be a contraction mapping on X with coefficient T € (0, 1). Suppose
that T := ﬂlN:] A;I(O) % (0 and for arbitrary x1 € X, the sequence {x,} is generated by
Yn = Boxn ® PLIL xn @ - @ By N xi,
Wp = 1?73"]7(xn) @ Jﬁyn, (3.27)

Xn+1l = ,ann @ (1 - ﬂn)wn, n>1.

where {a,}, {B,} and {y,} are sequences in (0, 1), and {),} is a sequence of positive real
numbers satisfying the following conditions:

() limp—ootty = 0and Y oo | oy = 00,

(ii)) 0 < liminf, o By <limsup, , B <L oy + B +yn=1Vn > 1,
(i) O <A <A, Vo> 1landlim, oo Ay = A,

(iv) Bi € (0, 1) with YN B = 1.
Then, {x,} converges strongly to z € I'.

By setting N = 1 in Theorem 3.7, we obtain the following result.

Corollary 3.9 Let X be an Hadamard space and X* be its dual space. Let A : X — 2X" bea
multivalued monotone operator that satisfies the range condition. Let T be a nonexpansive
mapping on X and h be a contraction mapping on X with coefficient T € (0, 1). Suppose
that T := A~1(0) N F(T) # @ and for arbitrary x| € X, the sequence {x,} is generated by

Wy = lg%nh(xn) 2 ll/r;gn T (,Boxn S IBIJ)::XI’I) s

Xn+l = ﬂn-xn &® (1 - ﬂn)wm n>1.

(3.28)

where {a,}, {B,} and {y,} are sequences in (0, 1), and {)\,} is a sequence of positive real
numbers satisfying the following conditions:
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(i) limy— o0y =0and Y 02 oy = 00,

(i) 0 <liminf, o0 B <limsup, , . B <L ayn+Bn+va=1Vn>1,
(i) O <A <A, Vo >1landlim,_ oo Ay = A,
@iv) Bi €(0,1),i =0, 1 withBy+ g1 = 1.

Then, {x,} converges strongly to z € T.

4 Applications to some optimization problems

In this section, we apply our results to solve some optimization problems. Throughout this
section, we assume that X is an Hadamard space, X* isits dual spaceand f : X — (—00, 00]
is a proper convex and lower semicontinuous function with domain D(f) := {x € X :
f(x) < 400}. Recall that a function f : X — (—o0, o0] is called

(i) convex, if
SOx® A=y =Af()+A-Af(y)Vx,ye X, (0, 1),

(ii) proper, it D(f) # 0,
(iii) lower semi-continuous at a point x € D(f), if

f(x) <liminf f(x,), for each sequence {x,}in D(f) such that lim x, = x.
n—oo n—o0o

Moreover, f is said to be lower semicontinuous on D( f), if it is lower semicontinuous
at any point in D(f).
The subdifferential 9 f : X — 2X" of f, defined by

{x* € X*: f(2) — f(x) = (x*,XZ), Vz € X}, ifx € D(f),
af(x)= _ 4.1)
) otherwise
is (see [1])
(i) a monotone operator,
(i) known to satisfy the range condition. That is, D(Jxa ! ) = X forall A > 0.

Furthermore, for a nonempty, closed and convex subset C of X. The indicator function
dc : X — R defined by

0, ifx e C,
Sc(x) = 4.2
() :—I—oo, otherwise 42)
is a proper convex and lower semicontinuous function. Thus, the subdifferential of §c,
{x* e X*: (x*,Xz) <0Vz e C}ifx € C,
08¢ (x) = 4.3)
?, otherwise

is a monotone operator which satisfies the range condition.

4.1 Application to variational inequality problem
Let us consider the following variational inequality problem associated with a nonexpansive

mapping 7" which was recently formulated in an Hadamard space by Khatibzadeh and Ranjbar
[29]:
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Find x € C such that (Txx,x3) > 0 Vy e C. (4.4)

Recall that the metric projection Pc : X — C is defined for x € X by d(x, Pcx) =
ingd(x, y) and characterized by, z = Pcx if and only if (z_>x, z_y)) <0, Yy € C (see [29]).
ye

Now, using the characterization of Pc, we obtain that
—
x=PcTx & (Txx,Xy) >0Vy e C.

Therefore, x € F(Pc o T) if and only if x solves (4.4). Also, by (2.4) and (4.3), we obtain
that

1
1=J" = [Xﬁ’] €38cz = (Z%,79) <0, Vye C &z = Pcx. (4.5

Thus, by letting z = x, we obtain that x = Pcx if and only if x € (38¢)~1(0). Therefore,
we get that

x € (@8c) M O)NF(T) = x € F(Pc)NF(T) = x e F(PcoT).

Thus, suppose that the solution set of problem (4.4) is €2, then by setting A = 95¢ in Corol-
lary 3.9, we apply Corollary 3.9 to obtain the following result for approximating solutions
of variational inequality problem in an Hadamard space.

Theorem 4.1 Let C be a nonempty closed and convex subset of an Hadamard space X and X*
be the dual space of X. Let T : X — X be a nonexpansive mapping and h be a contraction
mapping on X with constant t € (0, 1). Suppose that Q@ # () and the sequence {x,} is
generated for arbitrary x1 € X by

wy = lgr;gnh(xn) S 11’;3” T (ﬂOxn @ ,Blj)ifcxn) s

Xn+1l = ,ann ©® (1 _ﬂn)wn; n>1.

(4.6)

where {a,}, {B,} and {y,} are sequences in (0, 1), and {)\,} is a sequence of positive real
numbers satisfying the following conditions:

(1) lim,,_ o0ty = 0 and Z;‘;l oy = 00,

(i) 0 <liminf, o By <limsup, ., B <L ay+Bn+vu =1Vn>1,
(i) 0 <A <A, Vo > 1landlim,_ oo Ay = A,
@iv) Bi € (0,1),i =0, 1 withBo+ B = 1.

Then, {x,} converges strongly to an element of .

4.2 Application to finite family of minimization problems

Consider the following Minimization Problem (MP): Find x € X such that

f(x) =min f(y). 4.7)

ye

It was proved in [1] that f attains its minimum at x € X if and only if O € 9 f (x). Thus, the
above MP (4.7) can be formulated as follows: Find x € X such that

0€df(x).

Therefore, by setting A = d f in Theorem 3.7, we obtain the following result.
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Theorem 4.2 Let X be an Hadamard space and X* be its dual space. Let f; : X —
(—o0,00], i = 1,2,..., N be a finite family of proper, convex and lower semicontinu-
ous functions. Let T be a nonexpansive mapping on X and h be a contraction mapping on

X with constant T € (0, 1). Suppose that T* := F(T) N (ﬂ,N=1 8fl._1(0)> # ) and for
arbitrary x1 € X, the sequence {x,} is generated by
Yn = Boxn ® Bi J)‘?nflxn ®---D ﬂNJE’llfon
Wp = ]fy;gnh(xn) @ 11/’}3,1 Tyy, (4.8)
Xn+1 = ﬂnxn [S) (1 - ,Bn)wnv n>1.

where {a,}, {B,} and {y,} are sequences in (0, 1), and {)\,} is a sequence of positive real
numbers satisfying the following conditions:

(i) lim, 00y =0and Y )2 oy = 00,
(i) 0 <liminf, o By <limsup, .o Bn <L ay+Bn+vn=1V¥n>1,
(i) 0 <X <A, V> landlimy_ oo by = A,

(iv) Bi € (0, ) with YN i = 1.

Then, {x,} converges strongly to 7 € T'*.
4.3 Convex feasibility problem
Let C be a nonempty closed and convex subset of X and C;,i = 1,2,..., N be a finite

family of nonempty closed and convex subsets of C such that ﬂ C; # (. The convex
feasibility problem is defined as:

i=1

N
Find x € C such that x € ﬂ C;. (4.9)

i=1

ddc,
Now, observe that (4.5) implies that x = J, iy <:) x=Pcx, i=1,2,..., N. There-

fore, by setting A; = 98¢, in Corollary 3.8 and J "= Pc,i=12,...,N in Algorithm
(3.27), we can apply Corollary 3.8 to approximate solutions of 4.9).
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