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In this paper, we study split generalized mixed equilibrium problem and fixed point
problem in real Hilbert spaces with a view to analyze an iterative method for approx-
imating a common solution of split generalized mixed equilibrium problem and fixed
point problem of an infinite family of a quasi-nonexpansive multi-valued mappings. The
iterative algorithm introduced in this paper is designed in such a way that it does not
require the knowledge of the operator norm. We state and prove a strong convergence
result of the aforementioned problems and also give application of our main result to
split variational inequality problem. Our result complements and extends some related
results in literature.
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1. Introduction
Let H be a real Hilbert space with inner product and norm as {.,.) and ||.||, respec-

tively. Let C' be a nonempty, closed and convex subset of H. A mapping T : C' — C
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is called nonexpansive if
[Tz =Tyl < |z —yll, Vz,yeC. (1.1)

A point p € C' is called a fixed point of T if T'p = p. However, if T is a multivalued
mapping, that is, 7' : C' — 2¢, the fixed point of T is defined as p € T'p. We denote
by F(T) the set of all fixed points of T'.

A mapping T : C' — C' is called a quasi-nonexpansive mapping if

|Tx —Tp|| < |z —p|, VzeCandpe F(T). (1.2)

Let CB(C), K(C) and P(C') denote the families of nonempty, closed and bounded
subsets, nonempty and compact subsets, nonempty and proximinal subset of C,
respectively. The Hausdorff metric on C'B(C) is defined by

H(A, B) := max {sup d(z, B), sup d(y, A)},
TEA yeB
for all A, B € CB(C) where d(x, B) = infpep ||z — b
H(Tz,Ty) < Lz —yl|, x,y€C. (1.3)
In [@3), if L € (0,1), then T is called a contraction while T is called nonexpansive

if L=1.
In addition, T is said to be

(i) quasi-nonezpansive if F(T) # () and

Equilibrium problem was introduced by Blum and Oettli [4] and this problem
has had a great impact and influence in the development of several branches of
pure and applied sciences. Many authors have studied equilibrium problem and its
generalization see ([4] Bl @, 10, 12| 7] and papers therein). Let F: C x C — R be
a nonlinear bifunction, then the Equilibrium Problem (EP) is to find 2* € C such
that

F(z*,z) >0, VxeC. (1.4)

The Generalized Mixed Equilibrium Problem (GMEP) includes fixed-point prob-
lems, variational inequality problems, optimization problems, Nash equilibria and
the equilibrium problem as special cases.

Let F': C' x C' — R be a nonlinear bifuntion and B : C — H be a mapping. Let
1 : C'— R be a real-valued function, then the GMEP is to find x* € C such that

F(z*,z)+ (Bz",y — ") + ¢¥(y) —¥(z*) >0, VzeC. (1.5)
For solving GMEP (LX), the bifunction F' is said to satisfy the following conditions:

(L1) F(x,x2) =0 for all 2 € C;
(L2) F is monotone, i.e F(z,y) + F(y,z) > 0, for all z,y € C;

2250082-2



Asian-European J. Math. Downloaded from www.worldscientific.com
by 102.249.0.163 on 07/10/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

On split generalized mized equilibrium and fized point problems of an infinite family

(L3) for each z,y € C,limy—0 F(tz+ (1 —t)x,y) < F(x,y);
(L4) for each z € C,y — F(z,y) is convex and lower semicontinuous.

Let H; and Hs be real Hilbert spaces, C' and @ be nonempty, closed and convex
subsets of H; and Hs, respectively. Let /' : C x C — R,G : Q@ x @ — R be
bifunctions, 9 : C — RU {+0c}, 12 : Q — RU {+0cc} be functions and By : C —
Hi,Bs : Q@ — Hs be nonlinear mappings. Let A : H; — Hs be a bounded linear
operator. Then the Split Generalized Mixed Equilibrium Problem (SGMEP) is to
find 2* € C such that

F(z*,z) + (Biz",x —2") + 1(z) =1 (2") >0, Veel (1.6)
and y* = Az* € @ solves

Gy, y) +(Bay™ y —y") +b2(y) —2(y™) 20, VyeQ. (1.7)

We denote the solution set of (LB)—(T1) by I' := {z* € GMEP(F, By,1) : Ax* €
GMEP(G, Ba,13)}.

Recently, Singthong and Suantai [19] introduced an iterative algorithm for find-
ing a common element of the set of solutions of an equilibrium problem and fixed
points set of a nonspreading-type mappings in Hilbert space. They stated and
proved the following strong convergence theorem.

Theorem 1.1. Let C' be a nonempty, closed and convex subset of a real Hilbert
space H and F a bifunction from C x C to R satisfying (L1)— (L2). Let T : C' — C
be a k-strictly pseudo monspreading mapping with a nonempty fized point set and
Fix(T)NEP(F) #0. Let 8 € [k,1) and T := 31 + (1 —B)T. Let {a,}52, € [0,1)
and {rp}22, C (0,00) satisfying the conditions:

lima,, =0, Z a, =00 and liminfr, > 0.
n=1

n—oo

Let w € C and {xn 02, {un 2y, {zn}22, be sequences in C generated from an
arbitrary x1 € C by

1
F(unay)+r_<y_un7un_zn>207 Vyec;
n
Tnt1 = Qptt+ (1 — ), n > 1;
1 n—1
zn:EZTénxn, n > 1.
m=0

Then {xn )i {untne, and {z,}5, converge strongly to Ppiryngpryu, where
Pprynppry + H — F(T) N EP(F) is the metric projection of H onto F(T) N
EP(F).

Also, Shehu et al. [18] introduced an iterative algorithm which does not
require the knowledge of the operator norm and proves a strong convergence
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result for approximating a solution of split equality fixed point problem for quasi-
nonexpansive mappings in a real Hilbert space.

Inspired by the works of Singthong and Suantai [19], Shehu et al. [I§] and
other related works in the literature, we introduce an iterative algorithm that does
not require any prior knowledge of the operator norm to approximate a common
solution of split generalized mixed equilibrium problem and fixed point problem for
an infinite family of a multivalued quasi-nonexpansive mapping in a real Hilbert
space. The result presented in this paper extends and complements the result of
[13] and other recent results in literature.

2. Preliminaries

In this section, we state some well-known results which will be used in the sequel.
Throughout this paper, we denote the weak and strong convergence of a sequence
{x,} to a point € H by x,, — z and z,, — x, respectively.

Lemma 2.1 ([15]). Let H be a real Hilbert space and S : H — H be a quasi-
nonezxpansive mapping. Set So, = ol + (1 — @)S for a € [0,1). Then the following
hold for all x € H and p € F(S):

@ Saz = pl* < llz = pl? = (1 — @)|[Sz — 2|
(I1) F(S.) = F(S).

Lemma 2.2. Let H be a real Hilbert space. Then the following identities hold:

@ 2(z,y) = ) + lyl* = |z — ylI* = [|l= + ylI* = [|=]]* = yl|*,Vz,y € H.
L) flz+yl* < [|=* +2(y, z +y),Vo,y € H.

Lemma 2.3 ([23]). Let C be a nonempty, closed and convexr subset of a Hilbert
space H. Let B : C — H be a continuous and monotone mapping, ¥ : C' — R be a
lower semicontinuous and convex function and F : C'x C' — R be a bifunction that
satisfy (L1) — (L4). For r >0 and x € H, then there exists u € C' such that

F(u,9) + (Buyy — ) + () — () + ~ly —wu—2) 20, VyeC. (21)

Define a mapping TY : C — C as follows:

T (a) = {u €C: Fluyy) + (Buy —u) +(y) — ()

1
—i——(y—u,u—x)ZO,VyeC}. (2.2)
r
Then, the following assumptions hold:

(1) TF is single-valued,
(2) TF is firmly nonexpansive, i.e., for any x,y € H;

1T (x) = TF )1 < AT (@) = T (y), @ — y);
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(3) F(TY) = GMEP(F, B, ).
(4) GMEP(F, B,) is closed and conve.

Lemma 2.4 ([16]). Let C be a nonempty, closed and convex subset of a real
uniformly Banach space E. Suppose T : C' — E is a quasi-nonexpansive mapping
with F(T) # 0. If {xn}nen is a sequence in C that converges weakly to x if {(I —
T)xp tnen converges strongly to 0, then x € F(T).

Lemma 2.5 ([6]). Let E be a uniformly convex real Banach space. For arbitrary
r >0, let B.(0) := {x € E : ||z|| < r}. Then, for any given sequence {x;}2, C
B,(0) and for any given sequence {\;}52, of positive numbers such that Y =1 \; =
1, there exists a continuous strictly increasing convex function

g:00,2r] = R, ¢(0)=0,

such that for any positive integers i,j with i < j, the following inequality holds:

oo
E Ai%s
i=1

Lemma 2.6 ([7]). Let H be a real Hilbert space and {x;}ien be a bounded sequence
in H. For &; € (0,1) such that Y ;2 8; =1, the following identity holds:

o0 2 o0
oGl =Y dillwl? = D> llwi— )
i=1 i=1

1<i<j<oo
Lemma 2.7 ([22]). Assume {a,} is a sequence of nonnegative real sequence such
that

2 o0
=D Aillzl® = iy (llai — )

=1

apg1 < (1 - Un)an +ondn, n>0,

where {on} is a sequence in (0,1) and {6, } is a real sequence such that

(i) 220:1 On = OO0,

(ii) limsup, . 6, <0 or > 07 | |0,8,] < co.

Then lim,,_, an, = 0.

3. Main Result

Theorem 3.1. Let Hy and Hs be two real Hilbert spaces, let C C Hy and Q C Hy be
nonempty, closed and convex subsets of Hy and Hs, respectively. Let A : Hy — Ho
be a bounded linear operator and A* the adjoint of A. Let F' : C x C — R and
G : Q x Q — R be bifunctions satisfying conditions (L1) — (L4) and let G be upper
semicontinuous in the first argument. Let By : C — Hy and By : Q — Hy be
continuous and monotone mappings, ¥y : C' — RU{+o00} and 3 : Q — RU {400}
be proper lower semicontinuous and convex functions. Let T; : C — K(C), for
1=1,2,3,... be a countable family of quasi-nonexpansive multi-valued mapping for
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Tip ={p} and S : C — C be a quasi nonexpansive mapping, respectively, such that
Q=N F(T)NFS)NT #£ 0. Let {an} be a sequence in (0,1) and {t,} be a

sequence in (0,1 —a) for some a > 0. Let the step size 7, be chosen in such a way

that for some € > 0,
_ (o IS~ DAw,
A @ - DAw P )

for TTCT’: Aw,, # Aw,, and 7y, = =, otherwise (v being any nonnegative real number).
Then, the sequences {wy}, {un} and {x,} are generated iteratively for an arbitrary
zg € C and a fized point u € C

wy = (1 — ay — tp)xn + @S, + thu;

un = TF (w,, + 1 A (TS — I)Aw,);
L ATy, — 1) Aw,) (3.1)

oo
Tn+1 = ﬂn,Oun + § ﬂn,izza n Z 1;
=1

where 2% € Tyu, and r, C (0,00) satisfy the following conditions:

(1) Bn0sBn,i € (0,1),liminf, oo Bn,00n,: > 0 such that Y .2 Bni = 1;
(i) liminf, o rn > 0;

(iil) limp—oo tn = 0, 0o o tn = 00 and ay, +t, < 1;

iv)

(iv) 0 <liminf, o oy < limsup,, o an < 1.

Then the sequences {xy},{u,} and {w,} converge strongly to an element in €.

Proof. Let p € N2, F(T;) N F(S) NT, then from 3I), we have
[un = plI? = 1T, (wn + 3 AT, = I)Awy, — p|?
< |lwn + 4 AT — I) Awy, — p||?
= wn = plI* + 2 | AT = 1) Aw, |
+ 279 {wn — p, AN (TS — 1) Awy,). (3.2)
From Lemma [2.2], we have that
290 (W — p, AT} — I) Awy)

T

=27, (A(w, — p) + (T — 1) Aw, — (TS

Tno

I Awy,, (TS —I)Aw,)

= 27, [(T€ Aw, — Ap, (TS — I)Aw,) — |[(TS — I)Aw,|?
1
< 29 | ST = D Awn|* = [[(T7 = 1) Aw,||?
= —7ll(TS = I)Aw, . (3.3)
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L TG —I)Aw,|?
Therefore, from B2), [B3) and condition v, € (e, M%

that

- 5), we have

lun = plI* < llwn = pl* +2IA™(TT — 1) Awn||* = 7ul[(T35 — I)Awn||?

= [[wn = plI* + 70 (3| A% (T = 1) Aw, | = [T — 1) Awy |?]

= lwn = p|I> + 72| AT = 1) Awn|* =y (yn + )| AT — T) Aw,|®
< lwn = pl* = el (T3 = 1) Aw,||?

< Jlwn = pll*. (3.4)

This implies that ||u, — p|| < ||w, — pl|.
Since T; is an quasi-nonexpansive multi-valued mapping, then we have

[@nt1 = plI* = [|Bn,0(u +Z - )|

oo
< Buollun = pI> + > Buillzh — plI> = Bn.0Bn.illun — 24

=1

o0
< Buollun = pl* + ) Bu.id(z), p)?

=1

< ﬂn,OHun - pH2 + Z ﬂn,iH(Tinunv Tinp)Q

=1
o0
< Buollun DI + 3 Bl — I
=1
= llun — pII?
< [lwy, *p||2~ (3.5)

From (B, the convexity of [|.||?, and the fact that S : C — C is a quasi-
nonexpansive mapping, we have

lwn —plI? = [|(1 = an — tp)Tn + @nSy + thu — p||?
= [[(1 = an — tn)(@n — p) + an(Szy — p) + tn(u _p)H2
<@- to)l|zn — plI* + anll Sy — pl|* + o lu — p||?
< (1= an —tp)|len = pl* + anllzn = pl* +toflu - p|?
= (

1= to)llzn = plI* +tnllu - pll*. (3.6)
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l#ns1 = plI* < (1= ta)llzn — pl* + tallu — p|?

< max[|lzy — pl%, u — p|*]

< max||z1 = pl|*, lu — p?).

Therefore {x,} is bounded and consequently, we deduce that {u,} and {w,} are
bounded.

Also from (B2), (36), Lemma 25 and the fact that T} is a quasi-nonexpansive
multi-valued mapping, we have

2

lzns1 = pII* =

ﬁn,O(un - p) + Z(Z;L _p)

o0
< Buollun = pl* + D Buillzi = plI = Bu0Bnig(lun — 231)
=1

< ﬂn,OHun *p||2 + Zﬂn,i(d(nump))2 - ﬂn,oﬂn,ig(Hun - Z;H)

=1

< ﬂn,OHUH *p||2 + Zﬂn,i(H(numTip))2 - ﬂnOgnlg(Hun - Z;LH)

=1

o0
< Buollun = bl + 3 Bulln = plI? = BuoBuiglun — 1)
=1

< Buollun —pI> + Y Buillun = plI* = BuoBn.ig(lun — 251I)
i=1
= [lun = plI* = Bn,0Bn,ig(|lun — 2, )
< lwn = plI* = Bn,08n,i9([[un — 23]])
= |1 = an)(@n — p) + an(Swn — p) + tau(u — )|
— Bn,08n,i9([|un — 23]}
= (1 = an)(@n = p) + an(Sza = p)I* + 1 ll2n — ul®
+ 2t (u — @y, (1 — ap)(@n — p) + @n(Sxy — p))
— Bn,0Bn,i9([[un = 2, 1)
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< an — pl2 = an(1 = ) [[ST0 — 2all? + 2l — u]?
+ 2t (u — 2, (1 — o) (@ — p) + @ (Sxy — p))
— Bn,0Bn,i9(lun — 23 |D)- (3.7)
We now consider two cases to establish strong convergence of {x,} to p.

Case 1. Assume that {||z,, — p||} is monotonically nonincreasing sequence. Then
{z,} is convergent and clearly

Jim[|a, —pf = lm_[lzn1 = pll. (3:8)
Thus from B7), conditions (iii) and (iv) of ([BIl), we have that
0 < e%g([lun — 2l < llzn = pI* = lznsr = plI* = an(l — an)l|Szn — 242
+ 12 ||z — wl|? 4+ 2t (u — 20, (1 — o) (Tn — p) + @n(Sz, —p)) — 0,  as co.
Hence, we have that
Tim g(||un — 2,]) =0

and by property of g in Lemma 23] we have that lim, . ||u, — 2%| = 0. Since
{un} and {z,} are bounded, we have that

lim d(uy, Tiu,) < lim|ju, — 2 || = 0. (3.9)

Also, from ([B.1), we have that
an(l = ap)||Szn — 2,2
<l = plI® = 21 = pI? + 5 + 2t0(u = 20, (1 = @) (@n — p) + an(Szn — ),
hence from conditions (iii) and (iv) of ([Bl), we have that
[[Sxy — 2, = 0. (3.10)

From (B1]), we have that
2

lZnt1 = pl* =

ﬂn,O(un —p)+ Z 5n,1(22 —p)
=1

oo oo
= Bn,ollun — pl* + Z HZ:L —pl* ZﬂnOﬂnzHun - Z;HQ

=1 i=1

o0
— Y Buiburllz— 2

ij=1,i%j
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Sﬁn,O' un—z;|\2

o0 oo
wn = pl2+ 35 = pl2 =3 BroBuil
i=1 i=1

=P+ Bui(d(Toun, p))* = BuoBnillun — 25 |1°

i=1 i=1

S ﬁn,O'

S ﬁn,O'

tn = Dl* + Y Bui(H(Tittn, Tip))* = Br0Bnillun — 2417
=1

i=1

un—zle2

[e'S) 9]
Unp, —p||2 + Zﬁn,z”un - PH2 - Zﬁn,Oﬁn,i'

i=1 i=1

S ﬁn,O'

o0 o0
un — pl* + Z [ —p||* = Zﬁn,Oﬁn,i”un —z?

=1 i=1

S ﬁn,O'

oo
= llun =Pl =Y BroBuillun — 217

i=1
< lwn = pl® + 72| AT = D) Awn ||* = 7al[(T35, = T) Aw,|?
< lwn = pl* = an(l = an)l[Szn = zal® + £ ||lzn — ull?
+ 2t (u — xp, (1 — @) (zn — p)
+on(Szn = p)) + WAL = DAwn|? = 3| T — 1) Awy |
< lwn = pl* = an(1 = an)l[Szn = zal® + £ ||lzn — ull?
+ 2ty (u — @y, (1 — @) (zp — p) + an(Szn —p))
3l AT(TE = Dw, |2 = (1€ = 1) dw, ). (3.11)
It then follows from condition (i) of (@) and the condition =, €
IS, —1) Aw, |?
(e, TARE =T Awn? — £), that
lmss = pI2 < om — I = an(1 = an) 12 — 2all? + £2 | —
2t (= i, (1 ) (2 — ) + (S — )
— e A*(TE — D)Aw, |, (3.12)
which implies that
el| AT, = DAwnl* < 2 — pll* = lznss = plI* + ta(llzn — ul?
+2(u =z, (1 — ap) (@0, — D) + an(Szp — p))). (3.13)
Hence,

lim || AT — I)Aw,|* = 0. (3.14)

n—oo

2250082-10
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From condition (i) of B1]) and (BI4]), we obtain that
Wl (T = D Awn|* < Jlon = pl* = l@nrs = pl®
+ta(llzn =l + 2(u = 20, (1 = an)(@p) + an(Sza — p))
F AT — 1) Aw,]?).

n

lim [[(T€ — I)Aw,|* = 0. (3.15)
[un = plI* = T (wn + 10 A (T3 = I) Aw, — p||®

S <un — P, Wn + 'VnA*(TTG I)Awn - p>

n

1 *
= 5llun =pl” + fwn + 7,4 (T35 — D) Aw, — pl|?

- ||Un —p— (wn + ’YnA* (Trci - I)Awn - p)H2]

1 *
< |Gl = 2P + llwn = pI* + (| AT = 1) Aw |
- ”(Trc,i - I)AwnH2) - ”un — Db - (wn + ’YnA*<Tan - I)Awn _p)H2
1 *
< 5 lllun = plI? + lwn — plI?> = (un — wall® + V2N AT — I) Aw, |
— 27 (u — wy, A” (Tr(i — I)Aw,))]
1 *
< 5 lllun = plI? + lwn — plI? = lltn — wa||* + V2N AT — I) Aw, |
+ 29 (u — wy, A*(TE — I)Aw,))). (3.16)

That is,
[ = plI? < [lwn = plI* = [lun — wall® + 2yn[lun — wy| ”A*(Trci — 1) Awn||.
(3.17)
It follows from condition (i) of (Bl and BIT) that
ns1 = plI? < lon — I = lltn — wal2 + 2alttn — wal] [1A*(TE — ) Aw,],
(3.18)
this implies that
lun = wa|* < flwn =l = ll2nrs = pI? + 27nllun — wall AT — 1) Awn||

= (1 = an — tn)Tn + @nSTn + thu — pH2 — | Tpy1 — pH2
+ 2’771"“71 - wn” ”A*(Trcn - I)Awn”
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<lzn = pl? = 241 = plI = an(1 = an)[|Sz0 — zal? + ta (20 — ul?
+2(u =y, (1 — an) (@ — p) + @n(Sxym — p)))
+ 29 [y, — wy | ||A*(TTGn — D Aw,|| — 0, asn — oo. (3.19)

Also, from [BI0) and condition (iv) of &I , we have that

lwn = @nll = |(1 — an — ta)(@n — @n) + an(Stn — 2n)
+tn(u—ax,)]| — 0, asn— oo. (3.20)
From [B19) and 3.20), we have that
lun — 2]l < ||Xn — wnl]l + ||wn —un]l — 0, asn— oo. (3.21)

From 1)) and ([39), we have that

o0
ﬂn,Oun + Z ﬂn,zZ; —U— Unp

i=1

ﬂnO +Z 7un

|Znt1 — unl| =

< Zﬂn,il\%*unH — 0, asn — oo. (3.22)

Hence, from B21)) and (3:22]) we have that
[#n41 = Znll < l@nt1 — unll + [Jun — 24l] = 0, asn — oo. (3.23)

It follows from ([B3), B21I)) and the demiclosedness principle that {u,} that con-
verges weakly to p € N2, F(T;) N F(S) and consequently {z,} and {w,} converges
weakly to p.

Next, we show that p € GMEP(F, By,1). Since u,, = Tf; (W, + Y A* (TTCT’: —
I)Aw,), we have

F(unau) + <Blun7u - un> + 1pl(u) - 1/’(“71)
+ i<u — Upy,y Uy, — Wy ) — i<u - un,'ynA*(TTCi —DNAw,) >0, VYueC.
r

rn n

Hence, from the monotonicity of ¢ (z,u) := F(z,u) + (Biz,u — x) + ¥(u) — (),
we have

%(u — Up, Uy — Wp) — %(u — U, AT (T — 1) Aw,)
> F(u,un) + (Bru, uy, — u) + (uy) — (u), (3.25)
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which implies that
1 1

a(u — Upy, Up, — W, ) — a(u - unk,'ynA*(Tfik — I Awy,)
> F(uytn,,) + (Biu, upn, —u) + ¥(un, ) — (u). (3.26)
Since w, — p, then it follows from BIH), BI8), 320), B2I) and (L4) that
F(u,p) + (Biu,p — u) + 1 (p) — 1 (u) <0, VYueC. (3.27)

Now for fixed v € C, let uy = tu+ (1 — t)p for all ¢ € (0,1). This implies that
us € C. Thus from (L1) and (L4), we obtain

0 = F(ut, ug) + (Brug, ug — ug) + 1 (ue) — b1 (ur)
< HF (ue, u) + (Brug, w — ug) + 11 (u) — 1 ()]
+ (L= )[F(ue, p) + (Brug, p — ue) + 91(p) — 1 (ue)]
< HF(ug,u) + (Brug, u — ug) + 1 (u) — 1 (ur)]. (3.28)
Therefore
F(ut,u) + (Brug,u — ug) + 1 (u) — 1 (ug) > 0. (3.29)
Furthermore, from (L4), we have that
F(p,u) + (Bip,u — p) + ¢1(u) — 1 (p) > 0, (3.30)

which implies that p € GMEP(F,By,%;1). Next we show that Ap €
GMEP(G, Ba, ). since {wy,} is bounded and w, — p and since A is a bounded
linear operator, Aw,, — Ap.

Set vy, = Awy,, — TfikAwnk. Then we have that Aw,, —v,, = Tfik Awy,, , and
from (BIH), we have that

lim v,, =0. (3.31)

n—oo

Therefore, from the definition of Tfi o we observe that

G(Awﬂk - vnkvu) + <B2wﬂk = Uny, U — Wy, + vnk> + wZ(u) - 1/)2(U)(wnk - vnk)

1
+ —(u— (wn, —vn, ), (W—nf — Uy, ) — Wy, ) >0, YueC. (3.32)

Tny,

Since G is upper semicontinuous in the first argument, then G is defined as

¢2(x,y) == G(x,u) + (Bax,u — x) + o (u) — (). (3.33)

Thus, taking lim sup of the inequality (332)) as k¥ — oo and using the assumption
(L3), we have

G(Ap,u) + (B Ap,u — Ap) + 2 (u) — ho(Ap) >0, VYue C; (3.34)

which implies that Ap € GMEP(G, Ba,12). Hence p € N2, F(T;) N F(S)NT. We
now show that {x,} converges strongly to p.
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From (B1]), we have

2

lzns1 = pll* =

'S
ﬂn,Oun + Z ﬂn,rz; —p

i=1

ﬁn,O(un - p) + Z Bn,i(zriz - p)
i=1

2

oo

oo
< Buollun = ol + D Buillzi = I =D BaoBuillun — 217

=1

= > Buibuglz — AN

i,§=1,i%j

S ﬁn,OHun - PH2 + Zﬁn,id(Tiunap)2

i=1

=1

oo
- Z ﬁn,Oﬁn,i”un - 2111”2
=1

S ﬁn,OHun - PH2 + Zﬁn,zH(Tlunasz)

i=1

oo
< Bnollun —pl* + Zﬁn,znun -l

i=1
o

< Buollun = plI2 + S Billun - pl?
i=1

= ||un —p||2

< Jlwn = pl?

= ”(1 — Qp — tn)xn + ap Sz, +thu _sz

= (1 —ay

—tn)(Tn — p) + an(STy —p) +ta(u _p)H2
<A = an —tn)(xn —p) + an(Szy, —

P)|I? + 2tn(Tng1 — pu—p)

<[ = an —to)||lzn — pll + anl|Szp —p||]2 + 2t (Tpy1 — pu—p)

< (1= to)|@n = Pl + ta(2{xnt1 — p,u — p)).

Therefore, using Lemma 2.7, we have that ||z, — p|| — 0, as n — oc.

Case 2. Assume that {||z, —p||} is a monotonically increasing sequence. Set T, =

|z, — p||* and let 7 : N — N be a mapping defined for all n > ng ( for some large

enough ng) by

7(n) :==max{k e N: k <n, T < Yiy1}. (3.35)

2250082-14



Asian-European J. Math. Downloaded from www.worldscientific.com
by 102.249.0.163 on 07/10/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

On split generalized mized equilibrium and fized point problems of an infinite family

Obviously, {7(n)} is a nondecreasing sequence such that 7(n) — oo as n — oo and
Tr(n) <Yrpyt1, forn>mng.
Following the case argument as in Case 1, we can show that

lim ||(T¢

7(n)—o0 T'r(n)

By the same argument as (B7) and (B23) in Case 1, we conclude that
{2} Y-} and {w; ()} converge weakly to p € F(T;) N F(S)NT. Now for
all n > nyg,

0 < l2rny41 = PII° = l2r @y — Il
< (1 = tr)llzrm) = plI* + 2tn (@7 ()41 — Py — D) — [Ty — PII?
= tr(m) [2r(n) (@ (n) 11 — Py w = D) = [Tr(m) — P[]
Therefore,

||:E'r(n) 7p||2 S tT(n)[th(n) <x7(n)+1 —pb,u 7p>] - 07 as n — oQ. (336)

Hence,
T [|z, ) — o]l =0 (3.37)
and
nh_)n;o Trm) = nh—>Holo Trin)+1- (3.38)

Furthermore, for n > ng, it is easily observed that Y.,y < Y ()41 if n # 7(n)
(that is, 7(n) < n) since YT; > Y41 for 7(n) +1 < j < n.
Consequently, for all n > ng,

0< 7Y, <max{Y,.(n), Tr(n)+1} = TT(n)+1'

So limy, 00 Yy, = 0, that is {z,}, {u,} and {w,} converge strongly to p € F(T;) N
F(S)NnT,Vn>0. O

Remark 3.2. (i) If B; = 0 and By = 0, then SGMEP ([L6) (L) reduces to the
following Split Mixed Equilibrium Problem (SMEP), find * € C such that

Fa*,2) +n(z) — —1(z*) >0, YaeeC (3.39)
and y* = Az* € @ solves

Gy, y) +a(y) —¥(y") 20, Vlyeq; (3.40)
with solution set ©1 := {a* € MEP(F, ) : Ax* € MP(G, 1)}
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(ii) If ¢4 = 12 = 0 in SGMEP ([L6)—(T), then we have the following Split Gener-
alized Equilibrium Problem, find x* € C such that

F(z*,2) + (Biz*,z — 2"y >0, VzeC (3.41)
and y* = Ax* € @ solves

G(y",y) +(B2y™,y —y") 20, VyeQ; (3.42)
with solution set @y := {z* € GEP(F,By) : Az* € GEP(G, Bs)}.

(iii) If By = By and ¢y = 99 = 0, we have the following Split Equilibrium Problem
studied by Kazmi and Rizvi [12] in 2013 which is to find 2* € C such that

F(z*,z) >0, VzeC (3.43)
and y* = Az € @ solves

Gly"y) =0, Vyeq, (3.44)
with the solution set ©3 := {z* € EP(F) : Az* € EP(G)}.

(iv) f F =G =0 and ¢ = 92 = 0, then SGMEP ([6)- (1) becomes Split
Variational Inequality Problem (SVIP), which is to find z* € C such that

(Biz*,x —z*) >0, Vzel (3.45)
and y* = Ax* € @ solves

(Bay™,y —y") 20, VyeQ. (3.46)
We denote by SVIP(By, Bs) the solution set of (B:45)—(340).

Corollary 3.3. Let Hy and Hy be two real Hilbert spaces, let C C Hy and Q C Hy
be nonempty, closed and convex subsets of Hy and Ho respectively. Let A : Hy — Ho
be a bounded linear operator and A* the adjoint of A. Let F' : C' x C — R and
G : Q x Q — R be bifunctions satisfying conditions (L1) — (L4) and G is upper
semicontinuous in the first argument. Let By : C — Hy and By : Q — Hs be
continuous and monotone mappings, ¥y : C' — RU{+o00} and 3 : Q — RU{+00}
be proper lower semicontinuous and convex functions. Let T; : C — K(C), for
i =1,2,3,... be a countable family of quasi-nonexpansive multi-valued mappings
for Tip = {p} and S : C — C be a quasi nonexpansive mapping, respectively, such
that Q :== N2, F(T)NEF(S)NT # (. Let {a,} be a sequence in (0,1), then the step
size 7y, s chosen in such a way that for some € > 0,

(o TS —DAw, 2
=S A TG = DAw,? )

for Tfi Aw,, # Aw,, and vy, =7, otherwise (7 being any nonnegative real number).
Then, the sequences {wy},{un} and {x,} are generated iteratively for an arbitrary
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xg € C' and a fized point u € C

wy, = (1 — ap)zy + andy,
Un = TF (wy, + A" (TTG — D) Aw,),
" " (3.47)

N
Tn+1 = ﬁn,Oun + E 671,1"2:1’ n > 17
=1

where 2, € Tyu, and r, C (0,00) satisfy the following conditions:

(1) Bn0,Bn,i € (0,1),liminf,, .« Bn,00n,i > 0 such that Zi\;l Bni =1,
(i) liminf, o0 7y > 05
(iii) limp ooy =0 and > 07 o = 0.

Then the sequences {xy}, {un} and {wy,} converge strongly to an element in Q.

Corollary 3.4. Let Hy and Hy be two real Hilbert spaces, let C C Hy and Q C Hy
be nonempty, closed and convex subsets of Hy and Hs, respectively. Let A : Hy — Ho
be a bounded linear operator and A* the adjoint of A. Let ' : C x C — R and
G : Q xQ — R be bifunctions satisfying conditions (L1) — (L4) and G be upper
semicontinuous in the first argument. Let By : C — Hy and Bs : @ — Hy be
continuous and monotone mappings, V1 : C' — RU{+o00} and 9 : Q — RU{+o0}
be proper lower semicontinuous and convex functions. Let T; : C — K(C), for
1 =1,2,3,... be a countable family of quasi-nonexpansive multi-valued mappings
for Top = {p} and S : C' — C be a nonexpansive mapping, respectively, such that
Q=N F(T)NF(S)NT # 0. Let {a,} be a sequence in (0,1) and {t,} be a
sequence in (0,1 — a) for some a > 0. Let the step size v, be chosen in such a way

that for some € > 0,
(o TS = DAw,
=A@ = DawE )

for TTCT’: Aw,, # Awy,, and 7y, = v, otherwise (v being any nonnegative real number).
Then, the sequences {wy,}, {un} and {x,} are generated iteratively for an arbitrary
xg € C' and a fized point u € C

wy = (1 — ap — tp) Ty + @Sy + thu;

up = TF (w0, + 7 A* (Tg — 1) Awy,);

o (3.48)

Tt = Brotin + Y Brizh, n =1

i=1

where zjl € Tyu, and v, C (0,00) satisfy the following conditions:
(1) B’n,Oaﬁn,i € (Oa 1)7hm 1nfn—>oo Bn,Oﬁn,i > 0 such that Z;.il Bn,i = 1;
(i) liminf, o0 7y > 05
(iil) limpy oo tn = 0, 0" o tn = 00 and ay, +t, < 1;
(iv) limy, oo n =0 and 07 | oy = 0.
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Then the sequences {xy}, {un} and {w,} converge strongly to an element in p €
N2, F(T;)NF(S)NT.

4. Application to SVIP

Variational inequality problem is one of the most important problems in optimiza-
tion as it is used in studying differential equations, minimax problems, and has
certain applications to mechanics and economic theory. Also, the SVIP is known to
include certain optimization problems such as split feasibility problem, split zero
problem and split minimization problem as special cases, (see [2| [3, 111 [14]). We
now state a result in solving SVIP(By, Bz) as discussed in (B:45)—(344).

Theorem 4.1. Let Hy and Hs be two real Hilbert spaces, let C' C Hy and Q C Hy be
nonempty, closed and convex subsets of Hy and Hs, respectively. Let A : Hi — Ho
be a bounded linear operator and A* the adjoint of A. Let By : C — Hy and
By : Q — Hy be continuous and monotone mappings, and T; : C — K(C), for
i =1,2,3,... be a countable family of quasi-nonexpansive multi-valued mappings
for Tip = {p}, and S : C — C be a nonexpansive mapping, respectively. Assume
Q= N2, F(T;)NF(S)NSVIP(By, By) # 0 with {a,} being a sequence in (0,1) and
{tn} being a sequence in (0,1 — a) for some a > 0. Let the step size v, be chosen
in such a way that for some € > 0,

A € (8 [P — 10 B2) — I) Awy|? _ )
! H[[A*(Po(I = raBa) — 1) Awy||? ’

for Po(I —ry,Bs)Aw,, # Aw, and vy, = v, otherwise (v being any nonnegative real
number). Then, the sequences {wy, }, {u,} and {x,} are generated iteratively for an
arbitrary xo € C and a fixed point u € C'

wy, = (1 — ay, — tp) Ty + @Sy + thu,

Un, = Po(I — 1 B1)(wn, + 1 A*(Po(I — r, B2)) Awy,),

xn-‘rl = Bn,OUn + Z ﬁn,iz;7 n 2 17
i=1
where 2% € Tyu, and r, C (0,00) satisfy the following conditions:
(1) ﬂn,Ovﬂn,i S (07 1),11111 inf,, oo ﬂn,Oﬂn,i > 0 such that Z;)il ﬂn,i = 1;
(i1) liminf, o 4 > 0;
(iil) limy oo tn = 0, 0r o tn = 00 and ay, +t, < 1;
)

(iv) limy oo p =0 and .7 | @, = 0.

Then the sequences {xy},{u,} and {w,} converge strongly to an element in p €

Ne2, F(T;) N F(S) N SVIP(By, Bs).
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5. Conclusion

In this work, we study split generalized mixed equilibrium problem and fixed point
problem in real Hilbert spaces and establish strong convergence result. The results
obtained in this paper generalize, extend and unify the results established in [1L [8]
[12] 20]. In addition, the iterative algorithm introduced in this paper is designed in
such a way that it does not require the knowledge of the operator norm. Lastly, we
present an application of our main result to split variational inequality problem.
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