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In this paper, we study split generalized mixed equilibrium problem and fixed point
problem in real Hilbert spaces with a view to analyze an iterative method for approx-
imating a common solution of split generalized mixed equilibrium problem and fixed
point problem of an infinite family of a quasi-nonexpansive multi-valued mappings. The
iterative algorithm introduced in this paper is designed in such a way that it does not
require the knowledge of the operator norm. We state and prove a strong convergence
result of the aforementioned problems and also give application of our main result to
split variational inequality problem. Our result complements and extends some related
results in literature.

Keywords: Split generalized mixed equilibrium problem; asymptotically nonspread-
ing multi-valued mappings; quasi-nonexpansive mapping; iterative scheme; fixed point
problem.

AMS Subject Classification: 47H06, 47H09, 47J05, 47J25

1. Introduction

Let H be a real Hilbert space with inner product and norm as 〈., .〉 and ‖.‖, respec-
tively. Let C be a nonempty, closed and convex subset of H . A mapping T : C → C

§Corresponding author.
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is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C. (1.1)

A point p ∈ C is called a fixed point of T if Tp = p. However, if T is a multivalued
mapping, that is, T : C → 2C , the fixed point of T is defined as p ∈ Tp. We denote
by F (T ) the set of all fixed points of T .

A mapping T : C → C is called a quasi-nonexpansive mapping if

‖Tx− Tp‖ ≤ ‖x− p‖, ∀x ∈ C and p ∈ F (T ). (1.2)

Let CB(C),K(C) and P (C) denote the families of nonempty, closed and bounded
subsets, nonempty and compact subsets, nonempty and proximinal subset of C,
respectively. The Hausdorff metric on CB(C) is defined by

H(A,B) := max
{

sup
x∈A

d(x,B), sup
y∈B

d(y,A)
}
,

for all A,B ∈ CB(C) where d(x,B) = infb∈B ‖x− b‖.
H(Tx, T y) ≤ L‖x− y‖, x, y ∈ C. (1.3)

In (1.3), if L ∈ (0, 1), then T is called a contraction while T is called nonexpansive
if L = 1.
In addition, T is said to be

(i) quasi-nonexpansive if F (T ) 	= ∅ and

H(Tx, p) ≤ ‖x− y‖, ∀x ∈ C, p ∈ F (T ).

Equilibrium problem was introduced by Blum and Oettli [4] and this problem
has had a great impact and influence in the development of several branches of
pure and applied sciences. Many authors have studied equilibrium problem and its
generalization see ([4, 5, 9, 10, 12, 17] and papers therein). Let F : C × C → R be
a nonlinear bifunction, then the Equilibrium Problem (EP ) is to find x∗ ∈ C such
that

F (x∗, x) ≥ 0, ∀x ∈ C. (1.4)

The Generalized Mixed Equilibrium Problem (GMEP) includes fixed-point prob-
lems, variational inequality problems, optimization problems, Nash equilibria and
the equilibrium problem as special cases.

Let F : C ×C → R be a nonlinear bifuntion and B : C → H be a mapping. Let
ψ : C → R be a real-valued function, then the GMEP is to find x∗ ∈ C such that

F (x∗, x) + 〈Bx∗, y − x∗〉 + ψ(y) − ψ(x∗) ≥ 0, ∀x ∈ C. (1.5)

For solving GMEP (1.5), the bifunction F is said to satisfy the following conditions:

(L1) F (x, x) = 0 for all x ∈ C;
(L2) F is monotone, i.e F (x, y) + F (y, x) ≥ 0, for all x, y ∈ C;
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(L3) for each x, y ∈ C, limt→0 F (tz + (1 − t)x, y) ≤ F (x, y);
(L4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.

Let H1 and H2 be real Hilbert spaces, C and Q be nonempty, closed and convex
subsets of H1 and H2, respectively. Let F : C × C → R, G : Q × Q → R be
bifunctions, ψ1 : C → R ∪ {+∞}, ψ2 : Q → R ∪ {+∞} be functions and B1 : C →
H1, B2 : Q → H2 be nonlinear mappings. Let A : H1 → H2 be a bounded linear
operator. Then the Split Generalized Mixed Equilibrium Problem (SGMEP) is to
find x∗ ∈ C such that

F (x∗, x) + 〈B1x
∗, x− x∗〉 + ψ1(x) − ψ1(x∗) ≥ 0, ∀x ∈ C (1.6)

and y∗ = Ax∗ ∈ Q solves

G(y∗, y) + 〈B2y
∗, y − y∗〉 + ψ2(y) − ψ2(y∗) ≥ 0, ∀ y ∈ Q. (1.7)

We denote the solution set of (1.6)–(1.7) by Γ := {x∗ ∈ GMEP(F,B1, ψ1) : Ax∗ ∈
GMEP(G,B2, ψ2)}.

Recently, Singthong and Suantai [19] introduced an iterative algorithm for find-
ing a common element of the set of solutions of an equilibrium problem and fixed
points set of a nonspreading-type mappings in Hilbert space. They stated and
proved the following strong convergence theorem.

Theorem 1.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and F a bifunction from C×C to R satisfying (L1)− (L2). Let T : C → C

be a k-strictly pseudo nonspreading mapping with a nonempty fixed point set and
Fix(T )∩EP (F ) 	= ∅. Let β ∈ [k, 1) and Tβ := βI +(1−β)T . Let {αn}∞n=1 ⊂ [0, 1)
and {rn}∞n=1 ⊂ (0,∞) satisfying the conditions:

limαn = 0,
∞∑

n=1

αn = ∞ and lim inf
n→∞ rn > 0.

Let u ∈ C and {xn}∞n=1, {un}∞n=1, {zn}∞n=1 be sequences in C generated from an
arbitrary x1 ∈ C by⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

F (un, y) +
1
rn

〈y − un, un − zn〉 ≥ 0, ∀ y ∈ C;

xn+1 = αnu+ (1 − αn)un, n ≥ 1;

zn =
1
n

n−1∑
m=0

Tm
β xn, n ≥ 1.

Then {xn}∞n=1, {un}∞n=1 and {zn}∞n=1 converge strongly to PF (T )∩EP (F )u, where
PF (T )∩EP (F ) : H → F (T ) ∩ EP (F ) is the metric projection of H onto F (T ) ∩
EP (F ).

Also, Shehu et al. [18] introduced an iterative algorithm which does not
require the knowledge of the operator norm and proves a strong convergence
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result for approximating a solution of split equality fixed point problem for quasi-
nonexpansive mappings in a real Hilbert space.

Inspired by the works of Singthong and Suantai [19], Shehu et al. [18] and
other related works in the literature, we introduce an iterative algorithm that does
not require any prior knowledge of the operator norm to approximate a common
solution of split generalized mixed equilibrium problem and fixed point problem for
an infinite family of a multivalued quasi-nonexpansive mapping in a real Hilbert
space. The result presented in this paper extends and complements the result of
[13] and other recent results in literature.

2. Preliminaries

In this section, we state some well-known results which will be used in the sequel.
Throughout this paper, we denote the weak and strong convergence of a sequence
{xn} to a point x ∈ H by xn ⇀ x and xn → x, respectively.

Lemma 2.1 ([15]). Let H be a real Hilbert space and S : H → H be a quasi-
nonexpansive mapping. Set Sα = αI + (1 − α)S for α ∈ [0, 1). Then the following
hold for all x ∈ H and p ∈ F (S):

(I) ‖Sαx− p‖2 ≤ ‖x− p‖2 − α(1 − α)‖Sx− x‖2.

(II) F (Sα) = F (S).

Lemma 2.2. Let H be a real Hilbert space. Then the following identities hold:

(I) 2〈x, y〉 = ‖x‖2 + ‖y‖2 − ‖x− y‖2 = ‖x+ y‖2 − ‖x‖2 − ‖y‖2, ∀x, y ∈ H.

(II) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ H.

Lemma 2.3 ([23]). Let C be a nonempty, closed and convex subset of a Hilbert
space H. Let B : C → H be a continuous and monotone mapping, ψ : C → R be a
lower semicontinuous and convex function and F : C ×C → R be a bifunction that
satisfy (L1) − (L4). For r > 0 and x ∈ H, then there exists u ∈ C such that

F (u, y) + 〈Bu, y − u〉 + ψ(y) − ψ(u) +
1
r
〈y − u, u− x〉 ≥ 0, ∀ y ∈ C. (2.1)

Define a mapping TF
r : C → C as follows:

TF
r (x) =

{
u ∈ C : F (u, y) + 〈Bu, y − u〉 + ψ(y) − ψ(u)

+
1
r
〈y − u, u− x〉 ≥ 0, ∀ y ∈ C

}
. (2.2)

Then, the following assumptions hold:

(1) TF
r is single-valued,

(2) TF
r is firmly nonexpansive, i.e., for any x, y ∈ H ;

‖TF
r (x) − TF

r (y)‖2 ≤ 〈TF
r (x) − TF

r (y), x− y〉;
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(3) F (TF
r ) = GMEP(F,B, ψ).

(4) GMEP(F,B, ψ) is closed and convex.

Lemma 2.4 ([16]). Let C be a nonempty, closed and convex subset of a real
uniformly Banach space E. Suppose T : C → E is a quasi-nonexpansive mapping
with F (T ) 	= ∅. If {xn}n∈N is a sequence in C that converges weakly to x if {(I −
T )xn}n∈N converges strongly to 0, then x ∈ F (T ).

Lemma 2.5 ([6]). Let E be a uniformly convex real Banach space. For arbitrary
r > 0, let Br(0) := {x ∈ E : ‖x‖ ≤ r}. Then, for any given sequence {xi}∞i=1 ⊂
Br(0) and for any given sequence {λi}∞i=1 of positive numbers such that

∑∞
i=1 λi =

1, there exists a continuous strictly increasing convex function

g : [0, 2r] → R, g(0) = 0,

such that for any positive integers i, j with i < j, the following inequality holds:∥∥∥∥∥
∞∑

i=1

λixi

∥∥∥∥∥
2

=
∞∑

i=1

λi‖x‖2 − λiλjg(‖xi − xj‖).

Lemma 2.6 ([7]). Let H be a real Hilbert space and {xi}i∈N be a bounded sequence
in H. For δi ∈ (0, 1) such that

∑∞
i=1 δi = 1, the following identity holds:∥∥∥∥∥

∞∑
i=1

δixi

∥∥∥∥∥
2

=
∞∑

i=1

δi‖xi‖2 −
∑

1≤i<j<∞
‖xi − xj‖2.

Lemma 2.7 ([22]). Assume {an} is a sequence of nonnegative real sequence such
that

an+1 ≤ (1 − σn)an + σnδn, n > 0,

where {σn} is a sequence in (0, 1) and {δn} is a real sequence such that

(i)
∑∞

n=1 σn = ∞,

(ii) lim supn→∞ δn ≤ 0 or
∑∞

n=1 |σnδn| <∞.

Then limn→∞ an = 0.

3. Main Result

Theorem 3.1. Let H1 and H2 be two real Hilbert spaces, let C ⊂ H1 and Q ⊂ H2 be
nonempty, closed and convex subsets of H1 and H2, respectively. Let A : H1 → H2

be a bounded linear operator and A∗ the adjoint of A. Let F : C × C → R and
G : Q×Q→ R be bifunctions satisfying conditions (L1)− (L4) and let G be upper
semicontinuous in the first argument. Let B1 : C → H1 and B2 : Q → H2 be
continuous and monotone mappings, ψ1 : C → R∪{+∞} and ψ2 : Q→ R∪{+∞}
be proper lower semicontinuous and convex functions. Let Ti : C → K(C), for
i = 1, 2, 3, . . . be a countable family of quasi-nonexpansive multi-valued mapping for
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Tip = {p} and S : C → C be a quasi nonexpansive mapping, respectively, such that
Ω := ∩∞

i=1F (Ti) ∩ F (S) ∩ Γ 	= ∅. Let {αn} be a sequence in (0, 1) and {tn} be a
sequence in (0, 1 − a) for some a > 0. Let the step size γn be chosen in such a way
that for some ε > 0,

γn ∈
(
ε,

‖TG
rn

− I)Awn‖2

‖A∗(TG
rn

− I)Awn‖2
− ε

)
,

for TG
rn
Awn 	= Awn and γn = γ, otherwise (γ being any nonnegative real number).

Then, the sequences {wn}, {un} and {xn} are generated iteratively for an arbitrary
x0 ∈ C and a fixed point u ∈ C⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wn = (1 − αn − tn)xn + αnSxn + tnu;

un = TF
rn

(wn + γnA
∗(TG

rn
− I)Awn);

xn+1 = βn,0un +
∞∑

i=1

βn,iz
i
n, n ≥ 1;

(3.1)

where zi
n ∈ Tiun and rn ⊂ (0,∞) satisfy the following conditions:

(i) βn,0, βn,i ∈ (0, 1), lim infn→∞ βn,0βn,i > 0 such that
∑∞

i=0 βn,i = 1;
(ii) lim infn→∞ rn > 0;
(iii) limn→∞ tn = 0,

∑∞
n=0 tn = ∞ and αn + tn < 1;

(iv) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1.

Then the sequences {xn}, {un} and {wn} converge strongly to an element in Ω.

Proof. Let p ∈ ∩∞
i=1F (Ti) ∩ F (S) ∩ Γ, then from (3.1), we have

‖un − p‖2 = ‖TF
rn

(wn + γnA
∗(TG

rn
− I)Awn − p‖2

≤ ‖wn + γnA
∗(TG

rn
− I)Awn − p‖2

= ‖wn − p‖2 + γ2
n‖A∗(TG

rn
− I)Awn‖2

+ 2γn〈wn − p,A∗(TG
rn

− I)Awn〉. (3.2)

From Lemma 2.2, we have that

2γn〈wn − p,A∗(TG
rn

− I)Awn〉
= 2γn〈A(wn − p) + (TG

rn
− I)Awn − (TG

rn
− I)Awn, (TG

rn
− I)Awn〉

= 2γn[〈TG
rn
Awn −Ap, (TG

rn
− I)Awn〉 − ‖(TG

rn
− I)Awn‖2

≤ 2γn

[
1
2
‖(TG

rn
− I)Awn‖2 − ‖(TG

rn
− I)Awn‖2

]

= −γn‖(TG
rn

− I)Awn‖2. (3.3)
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Therefore, from (3.2), (3.3) and condition γn ∈ (
ε,

‖(T G
rn

−I)Awn‖2

‖A∗(T G
rn

−I)Awn‖2 − ε
)
, we have

that

‖un − p‖2 ≤ ‖wn − p‖2 + γ2
n‖A∗(TG

rn
− I)Awn‖2 − γn‖(TG

rn
− I)Awn‖2

= ‖wn − p‖2 + γn

[
γn‖A∗(TG

rn
− I)Awn‖2 − ‖(TG

rn
− I)Awn‖2

]
= ‖wn − p‖2 + γ2

n‖A∗(TG
rn

− I)Awn‖2 − γn(γn + ε)‖A∗(TG
rn

− I)Awn‖2

≤ ‖wn − p‖2 − γnε‖A∗(TG
rn

− I)Awn‖2

≤ ‖wn − p‖2. (3.4)

This implies that ‖un − p‖ ≤ ‖wn − p‖.
Since Ti is an quasi-nonexpansive multi-valued mapping, then we have

‖xn+1 − p‖2 = ‖βn,0(un − p) +
∞∑

i=1

(zi
n − p)‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖zi
n − p‖2 − βn,0βn,i‖un − zi

n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,id(zi
n, p)

2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,iH(T n
i un, T

n
i p)

2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖un − p‖2

= ‖un − p‖2

≤ ‖wn − p‖2. (3.5)

From (3.1), the convexity of ‖.‖2, and the fact that S : C → C is a quasi-
nonexpansive mapping, we have

‖wn − p‖2 = ‖(1 − αn − tn)xn + αnSxn + tnu− p‖2

= ‖(1 − αn − tn)(xn − p) + αn(Sxn − p) + tn(u− p)‖2

≤ (1 − αn − tn)‖xn − p‖2 + αn‖Sxn − p‖2 + tn‖u− p‖2

≤ (1 − αn − tn)‖xn − p‖2 + αn‖xn − p‖2 + tn‖u− p‖2

= (1 − tn)‖xn − p‖2 + tn‖u− p‖2. (3.6)
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Hence from (3.6), we have that

‖xn+1 − p‖2 ≤ (1 − tn)‖xn − p‖2 + tn‖u− p‖2

≤ max[‖xn − p‖2, ‖u− p‖2]

...

≤ max[‖x1 − p‖2, ‖u− p‖2].

Therefore {xn} is bounded and consequently, we deduce that {un} and {wn} are
bounded.

Also from (3.2), (3.6), Lemma 2.5 and the fact that Ti is a quasi-nonexpansive
multi-valued mapping, we have

‖xn+1 − p‖2 =

∥∥∥∥∥βn,0(un − p) +
∞∑

i=1

(zi
n − p)

∥∥∥∥∥
2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖zi
n − p‖2 − βn,0βn,ig(‖un − zi

n‖)

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i(d(Tiun, p))2 − βn,0βn,ig(‖un − zi
n‖)

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i(H(Tiun, Tip))2 − βn,0βn,ig(‖un − zi
n‖)

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖un − p‖2 − βn,0βn,ig(‖un − zi
n‖)

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖un − p‖2 − βn,0βn,ig(‖un − zi
n‖)

= ‖un − p‖2 − βn,0βn,ig(‖un − zi
n‖)

≤ ‖wn − p‖2 − βn,0βn,ig(‖un − zi
n‖)

= ‖(1 − αn)(xn − p) + αn(Sxn − p) + tn(u− xn)‖2

− βn,0βn,ig(‖un − zi
n‖)

= ‖(1 − αn)(xn − p) + αn(Sxn − p)‖2 + t2n‖xn − u‖2

+ 2tn〈u− xn, (1 − αn)(xn − p) + αn(Sxn − p)〉
− βn,0βn,ig(‖un − zi

n‖)
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≤ ‖xn − p‖2 − αn(1 − αn)‖Sxn − xn‖2 + t2n‖xn − u‖2

+ 2tn〈u− xn, (1 − αn)(xn − p) + αn(Sxn − p)〉
− βn,0βn,ig(‖un − zi

n‖). (3.7)

We now consider two cases to establish strong convergence of {xn} to p.

Case 1. Assume that {‖xn − p‖} is monotonically nonincreasing sequence. Then
{xn} is convergent and clearly

lim
n→∞ ‖xn − p‖ = lim

n→∞ ‖xn+1 − p‖. (3.8)

Thus from (3.7), conditions (iii) and (iv) of (3.1), we have that

0 ≤ ε2g(‖un − zi
n‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 − αn(1 − αn)‖Sxn − xn‖2

+ t2n‖xn − u‖2 + 2tn〈u− xn, (1 − αn)(xn − p) + αn(Sxn − p)〉 → 0, as ∞.

Hence, we have that

lim
n→∞ g(‖un − zi

n‖) = 0

and by property of g in Lemma 2.3, we have that limn→∞ ‖un − zi
n‖ = 0. Since

{un} and {xn} are bounded, we have that

lim
n→∞ d(un, Tiun) ≤ lim

n→ ‖un − zi
n‖ = 0. (3.9)

Also, from (3.7), we have that

αn(1 − αn)‖Sxn − xn‖2

≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + t2n + 2tn〈u − xn, (1 − α)(xn − p) + αn(Sxn − p),

hence from conditions (iii) and (iv) of (3.1), we have that

‖Sxn − xn‖ = 0. (3.10)

From (3.1), we have that

‖xn+1 − p‖2 =

∥∥∥∥∥βn,0(un − p) +
∞∑

i=1

βn,i(zi
n − p)

∥∥∥∥∥
2

= βn,0‖un − p‖2 +
∞∑

i=1

‖zi
n − p‖2 −

∞∑
i=1

βn,0βn,i‖un − zi
n‖2

−
∞∑

i,j=1,i	=j

βn,iβn,k‖zi
n − zk

n‖2
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≤ βn,0‖un − p‖2 +
∞∑

i=1

‖zi
n − p‖2 −

∞∑
i=1

βn,0βn,i‖un − zi
n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i(d(Tiun, p))2 −
∞∑

i=1

βn,0βn,i‖un − zi
n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i(H(Tiun, Tip))2 −
∞∑

i=1

βn,0βn,i‖un − zi
n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖un − p‖2 −
∞∑

i=1

βn,0βn,i‖un − zi
n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

‖un − p‖2 −
∞∑

i=1

βn,0βn,i‖un − zi
n‖2

= ‖un − p‖2 −
∞∑

i=1

βn,0βn,i‖un − zi
n‖2

≤ ‖wn − p‖2 + γ2
n‖A∗(TG

rn
− I)Awn‖2 − γn‖(TG

rn
− I)Awn‖2

≤ ‖xn − p‖2 − αn(1 − αn)‖Sxn − xn‖2 + t2n‖xn − u‖2

+ 2tn〈u− xn, (1 − α)(xn − p)

+αn(Sxn − p)〉 + γ2
n‖A∗(TG

rn
− I)Awn‖2 − γn‖TG

rn
− I)Awn‖2

≤ ‖xn − p‖2 − αn(1 − αn)‖Sxn − xn‖2 + t2n‖xn − u‖2

+ 2tn〈u− xn, (1 − α)(xn − p) + αn(Sxn − p)〉
+ γn[γn‖A∗(TG

rn
− I)Awn‖2 − ‖(TG

rn
− I)Awn‖2]. (3.11)

It then follows from condition (i) of (3.1) and the condition γn ∈(
ε,

‖T G
rn

−I)Awn‖2

‖A∗(T G
rn

−I)Awn‖2 − ε
)
, that

‖xn+1 − p‖2 ≤ ‖xn − p‖2 − αn(1 − αn)‖Sxn − xn‖2 + t2n‖xn − u‖2

+ 2tn〈u− xn, (1 − αn)(xn − p) + αn(Sxn − p)〉
− ε‖A∗(TG

rn
− I)Awn‖2, (3.12)

which implies that

ε‖A∗(TG
rn

− I)Awn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + tn(‖xn − u‖2

+ 2〈u− xn, (1 − αn)(xn − p) + αn(Sxn − p)〉). (3.13)

Hence,

lim
n→∞ ‖A∗(TG

rn
− I)Awn‖2 = 0. (3.14)
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From condition (i) of (3.1) and (3.14), we obtain that

γn‖(TG
rn

− I)Awn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2

+ tn(‖xn − u‖2 + 2〈u− xn, (1 − αn)(xp) + αn(Sxn − p)〉
+ γ2

n‖A∗(TG
rn

− I)Awn‖2).

Hence,

lim
n→∞ ‖(TG

rn
− I)Awn‖2 = 0. (3.15)

Also,

‖un − p‖2 = ‖TF
rn

(wn + γnA
∗(TG

rn
− I)Awn − p‖2

≤ 〈un − p, wn + γnA
∗(TG

rn
− I)Awn − p〉

=
1
2
[‖un − p‖2 + ‖wn + γnA

∗(TG
rn

− I)Awn − p‖2

−‖un − p− (wn + γnA
∗(TG

rn
− I)Awn − p)‖2]

≤
[
1
2
‖un − p‖2 + ‖wn − p‖2 + γn(γn‖A∗(TG

rn
− I)Awn‖2

−‖(TG
rn

− I)Awn‖2) − ‖un − p− (wn + γnA
∗(TG

rn
− I)Awn − p)‖2

]

≤ 1
2
[‖un − p‖2 + ‖wn − p‖2 − (‖un − wn‖2 + γ2

n‖A∗(TG
rn

− I)Awn‖

− 2γn〈u − wn, A
∗(TG

rn
− I)Awn〉)]

≤ 1
2
[‖un − p‖2 + ‖wn − p‖2 − ‖un − wn‖2 + γ2

n‖A∗(TG
rn

− I)Awn‖

+ 2γn〈u − wn, A
∗(TG

rn
− I)Awn〉)]. (3.16)

That is,

‖un − p‖2 ≤ ‖wn − p‖2 − ‖un − wn‖2 + 2γn‖un − wn‖ ‖A∗(TG
rn

− I)Awn‖.
(3.17)

It follows from condition (i) of (3.1) and (3.17) that

‖xn+1 − p‖2 ≤ ‖wn − p‖2 − ‖un − wn‖2 + 2γn‖un − wn‖ ‖A∗(TG
rn

− I)Awn‖,
(3.18)

this implies that

‖un − wn‖2 ≤ ‖wn − p‖2 − ‖xn+1 − p‖2 + 2γn‖un − wn‖ ‖A∗(TG
rn

− I)Awn‖
= ‖(1 − αn − tn)xn + αnSxn + tnu− p‖2 − ‖xn+1 − p‖2

+ 2γn‖un − wn‖ ‖A∗(TG
rn

− I)Awn‖
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≤ ‖xn − p‖2 − ‖xn+1 − p‖2 − αn(1 − αn)‖Sxn − xn‖2 + tn(‖xn − u‖2

+ 2〈u− xn, (1 − αn)(xn − p) + αn(Sxn − p)〉)
+ 2γn‖un − wn‖ ‖A∗(TG

rn
− I)Awn‖ → 0, as n→ ∞. (3.19)

Also, from (3.10) and condition (iv) of (3.1) , we have that

‖wn − xn‖ = ‖(1 − αn − tn)(xn − xn) + αn(Sxn − xn)

+ tn(u − xn)‖ → 0, as n→ ∞. (3.20)

From (3.19) and (3.20), we have that

‖un − xn‖ ≤ ‖xn − wn‖ + ‖wn − un‖ → 0, as n→ ∞. (3.21)

From (3.1) and (3.9), we have that

‖xn+1 − un‖ =

∥∥∥∥∥βn,0un +
∞∑

i=1

βn,iz
i
n − u− un

∥∥∥∥∥

=

∥∥∥∥∥βn,0(un − un) +
∞∑

i=1

(zi
n − un)

∥∥∥∥∥

≤
∞∑

i=1

βn,i‖zi
n − un‖ → 0, as n→ ∞. (3.22)

Hence, from (3.21) and (3.22) we have that

‖xn+1 − xn‖ ≤ ‖xn+1 − un‖ + ‖un − xn‖ → 0, as n→ ∞. (3.23)

It follows from (3.9), (3.21) and the demiclosedness principle that {un} that con-
verges weakly to p ∈ ∩∞

i=1F (Ti)∩F (S) and consequently {xn} and {wn} converges
weakly to p.

Next, we show that p ∈ GMEP(F,B1, ψ1). Since un = TF
rn

(wn + γnA
∗(TG

rn
−

I)Awn), we have

F (un, u) + 〈B1un, u− un〉 + ψ1(u) − ψ(un)

+
1
rn

〈u− un, un − wn〉 − 1
rn

〈u− un, γnA
∗(TG

rn
− I)Awn〉 ≥ 0, ∀u ∈ C.

(3.24)

Hence, from the monotonicity of φ1(x, u) := F (x, u) + 〈B1x, u− x〉 + ψ(u) − ψ(x),
we have

1
rn

〈u− un, un − wn〉 − 1
rn

〈u− un, γnA
∗(TG

rn
− I)Awn)

≥ F (u, un) + 〈B1u, un − u〉 + ψ(un) − ψ(u), (3.25)
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which implies that
1
rnk

〈u− unk
, unk

− wnk
〉 − 1

rnk

〈u− unk
, γnA

∗(TG
rnk

− I)Awnk
〉

≥ F (u, unk
) + 〈B1u, unk

− u〉 + ψ(unk
) − ψ(u). (3.26)

Since un ⇀ p, then it follows from (3.15), (3.18), (3.20), (3.21) and (L4) that

F (u, p) + 〈B1u, p− u〉 + ψ1(p) − ψ1(u) ≤ 0, ∀u ∈ C. (3.27)

Now for fixed u ∈ C, let ut = tu + (1 − t)p for all t ∈ (0, 1). This implies that
ut ∈ C. Thus from (L1) and (L4), we obtain

0 = F (ut, ut) + 〈B1ut, ut − ut〉 + ψ1(ut) − ψ1(ut)

≤ t[F (ut, u) + 〈B1ut, u− ut〉 + ψ1(u) − ψ1(ut)]

+ (1 − t)[F (ut, p) + 〈B1ut, p− ut〉 + ψ1(p) − ψ1(ut)]

≤ t[F (ut, u) + 〈B1ut, u− ut〉 + ψ1(u) − ψ1(ut)]. (3.28)

Therefore

F (ut, u) + 〈B1ut, u− ut〉 + ψ1(u) − ψ1(ut) ≥ 0. (3.29)

Furthermore, from (L4), we have that

F (p, u) + 〈B1p, u− p〉 + ψ1(u) − ψ1(p) ≥ 0, (3.30)

which implies that p ∈ GMEP(F,B1, ψ1). Next we show that Ap ∈
GMEP(G,B2, ψ2). since {wn} is bounded and wn ⇀ p and since A is a bounded
linear operator, Awnk

→ Ap.
Set vnk

= Awnk
− TG

rnk
Awnk

. Then we have that Awnk
− vnk

= TG
rnk

Awnk
, and

from (3.15), we have that

lim
n→∞ vnk

= 0. (3.31)

Therefore, from the definition of TG
rnk

, we observe that

G(Awnk
− vnk

, u) + 〈B2wnk
− vnk

, u− wnk
+ vnk

〉 + ψ2(u) − ψ2(u)(wnk
− vnk

)

+
1
rnk

〈u− (wnk
− vnk

), (w − nk − vnk
) − wnk

〉 ≥ 0, ∀u ∈ C. (3.32)

Since G is upper semicontinuous in the first argument, then G is defined as

φ2(x, y) := G(x, u) + 〈B2x, u− x〉 + ψ2(u) − ψ2(x). (3.33)

Thus, taking lim sup of the inequality (3.32) as k → ∞ and using the assumption
(L3), we have

G(Ap, u) + 〈B2Ap, u−Ap〉 + ψ2(u) − ψ2(Ap) ≥ 0, ∀u ∈ C; (3.34)

which implies that Ap ∈ GMEP(G,B2, ψ2). Hence p ∈ ∩∞
i=1F (Ti) ∩ F (S) ∩ Γ. We

now show that {xn} converges strongly to p.
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From (3.1), we have

‖xn+1 − p‖2 =

∥∥∥∥∥βn,0un +
∞∑

i=1

βn,iz
i
n − p

∥∥∥∥∥
2

=

∥∥∥∥∥βn,0(un − p) +
∞∑

i=1

βn,i(zi
n − p)

∥∥∥∥∥
2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖zi
n − p‖2 −

∞∑
i=1

βn,0βn,i‖un − zi
n‖2

−
∑

i,j=1,i	=j

βn,iβn,j‖zi
n − zj

n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,id(Tiun, p)2 −
∞∑

i=1

βn,0βn,i‖un − zi
n‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,iH(Tiun, Tip)

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖un − p‖2

≤ βn,0‖un − p‖2 +
∞∑

i=1

βn,i‖un − p‖2

= ‖un − p‖2

≤ ‖wn − p‖2

= ‖(1 − αn − tn)xn + αnSxn + tnu− p‖2

= ‖(1 − αn − tn)(xn − p) + αn(Sxn − p) + tn(u − p)‖2

≤ ‖(1 − αn − tn)(xn − p) + αn(Sxn − p)‖2 + 2tn〈xn+1 − p, u− p〉
≤ [(1 − αn − tn)‖xn − p‖ + αn‖Sxn − p‖]2 + 2tn〈xn+1 − p, u− p〉
≤ (1 − tn)‖xn − p‖2 + tn(2〈xn+1 − p, u− p〉).

Therefore, using Lemma 2.7, we have that ‖xn − p‖ → 0, as n→ ∞.

Case 2. Assume that {‖xn − p‖} is a monotonically increasing sequence. Set Υn =
‖xn − p‖2 and let τ : N → N be a mapping defined for all n ≥ n0 ( for some large
enough n0) by

τ(n) := max{k ∈ N : k ≤ n,Υk ≤ Υk+1}. (3.35)
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Obviously, {τ(n)} is a nondecreasing sequence such that τ(n) → ∞ as n→ ∞ and

Υτ (n) ≤ Υτ(n)+1, for n ≥ n0.

Following the case argument as in Case 1, we can show that

lim
τ(n)→∞

‖(TG
rτ(n)

− I)Awτ(n)‖ = 0.

By the same argument as (3.7) and (3.23) in Case 1, we conclude that
{xτ(n)}, {yτ(n)} and {wτ(n)} converge weakly to p ∈ F (Ti) ∩ F (S) ∩ Γ. Now for
all n ≥ n0,

0 ≤ ‖xτ(n)+1 − p‖2 − ‖xτ(n) − p‖2

≤ (1 − tτ(n))‖xτ(n) − p‖2 + 2tn〈xτ(n)+1 − p, u− p〉 − ‖xτ(n) − p‖2

= tτ(n)[2tτ(n)〈xτ(n)+1 − p, u− p〉 − ‖xτ(n) − p‖2].

Therefore,

‖xτ(n) − p‖2 ≤ tτ(n)[2tτ(n)〈xτ(n)+1 − p, u− p〉] → 0, as n→ ∞. (3.36)

Hence,

lim
n→∞ ‖xτ(n) − p‖ = 0 (3.37)

and

lim
n→∞Υτ(n) = lim

n→∞Υτ(n)+1. (3.38)

Furthermore, for n ≥ n0, it is easily observed that Υτ(n) ≤ Υτ(n)+1 if n 	= τ(n)
(that is, τ(n) < n) since Υj > Υj+1 for τ(n) + 1 ≤ j ≤ n.

Consequently, for all n ≥ n0,

0 < Υn ≤ max{Υτ(n),Υτ(n)+1} = Υτ(n)+1.

So limn→∞ Υn = 0, that is {xn}, {un} and {wn} converge strongly to p ∈ F (Ti) ∩
F (S) ∩ Γ, ∀ n > 0.

Remark 3.2. (i) If B1 = 0 and B2 = 0, then SGMEP (1.6)–(1.7) reduces to the
following Split Mixed Equilibrium Problem (SMEP), find x∗ ∈ C such that

F (x∗, x) + ψ1(x) − ψ − 1(x∗) ≥ 0, ∀x ∈ C (3.39)

and y∗ = Ax∗ ∈ Q solves

G(y∗, y) + ψ2(y) − ψ(y∗) ≥ 0, ∀!y ∈ Q; (3.40)

with solution set Θ1 := {x∗ ∈MEP (F, ψ1) : Ax∗ ∈MP (G,ψ2)}.
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(ii) If ψ1 = ψ2 = 0 in SGMEP (1.6)–(1.7), then we have the following Split Gener-
alized Equilibrium Problem, find x∗ ∈ C such that

F (x∗, x) + 〈B1x
∗, x− x∗〉 ≥ 0, ∀x ∈ C (3.41)

and y∗ = Ax∗ ∈ Q solves

G(y∗, y) + 〈B2y
∗, y − y∗〉 ≥ 0, ∀ y ∈ Q; (3.42)

with solution set Θ2 := {x∗ ∈ GEP (F,B1) : Ax∗ ∈ GEP (G,B2)}.
(iii) If B1 = B2 and ψ1 = ψ2 = 0, we have the following Split Equilibrium Problem
studied by Kazmi and Rizvi [12] in 2013 which is to find x∗ ∈ C such that

F (x∗, x) ≥ 0, ∀x ∈ C (3.43)

and y∗ = Ax∗ ∈ Q solves

G(y∗, y) ≥ 0, ∀ y ∈ Q, (3.44)

with the solution set Θ3 := {x∗ ∈ EP (F ) : Ax∗ ∈ EP (G)}.
(iv) If F = G = 0 and ψ1 = ψ2 = 0, then SGMEP (1.6)–(1.7) becomes Split
Variational Inequality Problem (SVIP), which is to find x∗ ∈ C such that

〈B1x
∗, x− x∗〉 ≥ 0, ∀x ∈ C (3.45)

and y∗ = Ax∗ ∈ Q solves

〈B2y
∗, y − y∗〉 ≥ 0, ∀ y ∈ Q. (3.46)

We denote by SVIP(B1, B2) the solution set of (3.45)–(3.46).

Corollary 3.3. Let H1 and H2 be two real Hilbert spaces, let C ⊂ H1 and Q ⊂ H2

be nonempty, closed and convex subsets of H1 and H2 respectively. Let A : H1 → H2

be a bounded linear operator and A∗ the adjoint of A. Let F : C × C → R and
G : Q × Q → R be bifunctions satisfying conditions (L1) − (L4) and G is upper
semicontinuous in the first argument. Let B1 : C → H1 and B2 : Q → H2 be
continuous and monotone mappings, ψ1 : C → R∪{+∞} and ψ2 : Q→ R∪{+∞}
be proper lower semicontinuous and convex functions. Let Ti : C → K(C), for
i = 1, 2, 3, . . . be a countable family of quasi-nonexpansive multi-valued mappings
for Tip = {p} and S : C → C be a quasi nonexpansive mapping, respectively, such
that Ω := ∩∞

i=1F (Ti)∩F (S)∩Γ 	= ∅. Let {αn} be a sequence in (0, 1), then the step
size γn is chosen in such a way that for some ε > 0,

γn ∈
(
ε,

‖TG
rn

− I)Awn‖2

‖A∗(TG
rn

− I)Awn‖2
− ε

)
,

for TG
rn
Awn 	= Awn and γn = γ, otherwise (γ being any nonnegative real number).

Then, the sequences {wn}, {un} and {xn} are generated iteratively for an arbitrary
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x0 ∈ C and a fixed point u ∈ C⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

wn = (1 − αn)xn + αnxn,

un = TF
rn

(wn + γnA
∗(TG

rn
− I)Awn),

xn+1 = βn,0un +
N∑

i=1

βn,iz
i
n, n ≥ 1,

(3.47)

where zi
n ∈ Tiun and rn ⊂ (0,∞) satisfy the following conditions:

(i) βn,0, βn,i ∈ (0, 1), lim infn→∞ βn,0βn,i > 0 such that
∑N

i=1 βn,i = 1;
(ii) lim infn→∞ rn > 0;
(iii) limn→∞ αn = 0 and

∑∞
n=1 αn = ∞.

Then the sequences {xn}, {un} and {wn} converge strongly to an element in Ω.

Corollary 3.4. Let H1 and H2 be two real Hilbert spaces, let C ⊂ H1 and Q ⊂ H2

be nonempty, closed and convex subsets of H1 and H2, respectively. Let A : H1 → H2

be a bounded linear operator and A∗ the adjoint of A. Let F : C × C → R and
G : Q × Q → R be bifunctions satisfying conditions (L1) − (L4) and G be upper
semicontinuous in the first argument. Let B1 : C → H1 and B2 : Q → H2 be
continuous and monotone mappings, ψ1 : C → R∪{+∞} and ψ2 : Q→ R∪{+∞}
be proper lower semicontinuous and convex functions. Let Ti : C → K(C), for
i = 1, 2, 3, . . . be a countable family of quasi-nonexpansive multi-valued mappings
for Tip = {p} and S : C → C be a nonexpansive mapping, respectively, such that
Ω := ∩∞

i=1F (Ti) ∩ F (S) ∩ Γ 	= ∅. Let {αn} be a sequence in (0, 1) and {tn} be a
sequence in (0, 1− a) for some a > 0. Let the step size γn be chosen in such a way
that for some ε > 0,

γn ∈
(
ε,

‖TG
rn

− I)Awn‖2

‖A∗(TG
rn

− I)Awn‖2
− ε

)
,

for TG
rn
Awn 	= Awn and γn = γ, otherwise (γ being any nonnegative real number).

Then, the sequences {wn}, {un} and {xn} are generated iteratively for an arbitrary
x0 ∈ C and a fixed point u ∈ C⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wn = (1 − αn − tn)xn + αnSxn + tnu;

un = TF
rn

(wn + γnA
∗(TG

rn
− I)Awn);

xn+1 = βn,0un +
∞∑

i=1

βn,iz
i
n, n ≥ 1;

(3.48)

where zi
n ∈ Tiun and rn ⊂ (0,∞) satisfy the following conditions:

(i) βn,0, βn,i ∈ (0, 1), lim infn→∞ βn,0βn,i > 0 such that
∑∞

i=1 βn,i = 1;
(ii) lim infn→∞ rn > 0;
(iii) limn→∞ tn = 0,

∑∞
n=0 tn = ∞ and αn + tn < 1;

(iv) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞.
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Then the sequences {xn}, {un} and {wn} converge strongly to an element in p ∈
∩∞

i=1F (Ti) ∩ F (S) ∩ Γ.

4. Application to SVIP

Variational inequality problem is one of the most important problems in optimiza-
tion as it is used in studying differential equations, minimax problems, and has
certain applications to mechanics and economic theory. Also, the SVIP is known to
include certain optimization problems such as split feasibility problem, split zero
problem and split minimization problem as special cases, (see [2, 3, 11, 14]). We
now state a result in solving SVIP(B1, B2) as discussed in (3.45)–(3.46).

Theorem 4.1. Let H1 and H2 be two real Hilbert spaces, let C ⊂ H1 and Q ⊂ H2 be
nonempty, closed and convex subsets of H1 and H2, respectively. Let A : H1 → H2

be a bounded linear operator and A∗ the adjoint of A. Let B1 : C → H1 and
B2 : Q → H2 be continuous and monotone mappings, and Ti : C → K(C), for
i = 1, 2, 3, . . . be a countable family of quasi-nonexpansive multi-valued mappings
for Tip = {p}, and S : C → C be a nonexpansive mapping, respectively. Assume
Ω := ∩∞

i=1F (Ti)∩F (S)∩SVIP(B1, B2) 	= ∅ with {αn} being a sequence in (0, 1) and
{tn} being a sequence in (0, 1 − a) for some a > 0. Let the step size γn be chosen
in such a way that for some ε > 0,

γn ∈
(
ε,

‖PQ(I − rnB2) − I)Awn‖2

‖A∗(PQ(I − rnB2) − I)Awn‖2
− ε

)
,

for PQ(I − rnB2)Awn 	= Awn and γn = γ, otherwise (γ being any nonnegative real
number). Then, the sequences {wn}, {un} and {xn} are generated iteratively for an
arbitrary x0 ∈ C and a fixed point u ∈ C

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

wn = (1 − αn − tn)xn + αnSxn + tnu,

un = PC(I − rnB1)(wn + γnA
∗(PQ(I − rnB2))Awn),

xn+1 = βn,0un +
∞∑

i=1

βn,iz
i
n, n ≥ 1,

(4.1)

where zi
n ∈ Tiun and rn ⊂ (0,∞) satisfy the following conditions:

(i) βn,0, βn,i ∈ (0, 1), lim infn→∞ βn,0βn,i > 0 such that
∑∞

i=1 βn,i = 1;
(ii) lim infn→∞ rn > 0;
(iii) limn→∞ tn = 0,

∑∞
n=0 tn = ∞ and αn + tn < 1;

(iv) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞.

Then the sequences {xn}, {un} and {wn} converge strongly to an element in p ∈
∩∞

i=1F (Ti) ∩ F (S) ∩ SVIP(B1, B2).
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5. Conclusion

In this work, we study split generalized mixed equilibrium problem and fixed point
problem in real Hilbert spaces and establish strong convergence result. The results
obtained in this paper generalize, extend and unify the results established in [1, 8,
12, 20]. In addition, the iterative algorithm introduced in this paper is designed in
such a way that it does not require the knowledge of the operator norm. Lastly, we
present an application of our main result to split variational inequality problem.
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