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Abstract:

We introduce a new type of (a, [3)-admissibility and (a,
B)-Z-contraction mappings in the frame work of G,-metric spaces.
Using these concepts, fixed point results for (a, B)-Z-contraction
mappings in the frame work of complete Gb-metric spaces are estab-
lished. As an application, we discuss the existence of solution for in-
tegral equation of the form: x(t) = g(t) + [} K(t, s, u(s))ds, t € [0, 1], O.
T. Mewomowhere K : [0, 1/]x/0, 1]xR - Rand g : /0, 1] = R are con-
tinuous functions. The results obtained in this paper generalize,
unify and improve the results of Liu et al,, [17], Antonio-Francisco et
al. [23], Khojasteh et al. [15], Kumar et al. [16] and others in this di-
rection.
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1. Introduction and Preliminaries

The theory of fixed point plays an important role in nonlinear functional
analysis and is known to be very useful in establishing the existence and
uniqueness theorems for nonlinear differential and integral equations. Ba-
nach [5] in 1922 proved the well celebrated Banach contraction principle
in the frame work of metric spaces. The importance of the Banach con-
traction principle cannot be over emphasized in the study of fixed point
theory and its applications. Due to its importance and fruitful applica-
tions, many authors have generalized this result by considering classes of
nonlinear mappings which are more general than contraction mappings and
in other classical and important spaces (see [1, 19, 20, 24] and the refer-
ences therein). Also, over the years, several iterative schemes have been
developed for solving fixed point problems for nonlinear operators in differ-
ent spaces, (see [2, 9, 10, 11, 12, 13, 14, 18, 27, 28, 29] and the references
therein).

Samet et al. [25] introduced the notion of a-admissible mapping and obtain
some fixed point results for this class of mappings.

Definition 1.1. [25] Let oo : X x X — [0,00) be a function. We say that
a self mapping T : X — X is a-admissible if for all x,y € X,

a(z,y) > 1= a(Tz,Ty) > 1.

Definition 1.2. [25] Let T : X — X and a : X xX — [0, c0) be mappings.
We say that T is a triangular a-admissible if

1. T is a-admissible and

2. a(x,y) > 1and a(y,z) > 1= a(x,z) > 1 for all z,y,z € X.

Theorem 1.3. [25] Let (X, d) be a complete metric space and T : X — X
be an a-admissible mapping. Suppose that the following conditions hold:

1. for all z,y € X, we have a(z,y)d(Tx,Ty) < ¥(d(x,y)), where 1 :
[0,00) — [0,00) is a nondecreasing function such that Y oo, ¥"(t) <
oo for all t > 0;

2. there exists g € X such that a(xg, Txg) > 1;

3. either T is continuous or for any sequence {x, } in X with oy, Tp4+1) >
1 for allmn > 0 and z,, — x as n — oo, then a(zy,z) > 1.



Solution of integral equations via new Z-contraction... 1275

Then T has a fixed point.

In [7] Chandok extend and improve the concept of a-admissible by intro-
ducing the notion of («a, 3)-admissible mapping and obtained some fixed
point theorems.

Definition 1.4. [7] Let X be a nonempty set and o, 5 : X x X — [0,00)
be functions. We say that a self mapping T : X — X is («, )-admissible
if for all z,y € X, a(z,y) > 1 and B(z,y) > 1 = a(Tz,Ty) > 1 and
B(Tz,Ty) > 1.

In 2014, Ansari [4] introduced the notion of C-class function, he proved
some fixed point results using the concept of C-class function and also
established that the C-class function is a generalization of a whole lot of
contractive conditions.

Definition 1.5. [4] A mapping F : [0,00)? — R is called a C-class func-
tion if it is continuous and the following axioms hold:

1. F(s,t) < s for all s,t € [0, 00);
2. F(s,t) = s implies either s =0 or t = 0.

Example 1.6. The following functions F : [0,00)?> — R defined for all
s,t € [0,00) by

1. F(s,t)=s—1t, F(s,t) =s implies t = 0;
F(s,t) =ms, 0 <m < 1, F(s,t) = s implies s = 0;
F(s,t) = sp(s), f:[0,00) — [0,1) is a continuous function,
F(s,t) = s implies s = 0.

For details about C-class function see [4].

In 2015, Khojasteh et al. [15] introduced the notion of Z-contraction which
generalizes the well-known Banach contraction and a host of other contrac-
tive conditions. They gave the following definition for Z as follows.

Definition 1.7. Let ¢ : [0,00) X [0,00) — R be a mapping, then ( is called
a simulation function if it satisfies the following conditions:

¢(@) ¢(0,0) =0;

C(it) ((t,s) <s—t, forallt,s > 0;

C(wit) If {tn},{sn} are sequences in (0,00) such that lim,_,.t, = lim

n—oo
$p >0, then lim ((t,,s,) < 0.
n—oo
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The set of all simulation functions is denoted by Z.

Example 1.8. Suppose ¢; : [0,00)? — [0,00),i = 1,2, 3,4 is defined as

1. (i(t,s) = s—¢(s) —t for all t,s € [0,00), where ¢ : [0,00) — [0, 00)
is a continuous function such that ¢(t) = 0 if and only if t = 0.

2. (o(t,s) = n(s) —t for all t,s € [0,00), where 7 : [0,00) — [0,00) is
an upper semicontinuous mapping such that n(t) < t for all t > 0
n(t) = 0 if and only if t = 0.

3. (3(t,s) = As—t for all t,s € [0,00), where 0 < A < 1.

4. Cu(t,s) = 77 —tforallt,s € [0,00).

Definition 1.9. Let (X, d) be a metric space, T : X — X a mapping and
¢ € Z. Then T is called a Z-contraction with respect to (, if the following
condition is satisfied

¢(d(Tz, Ty),d(z,y)) > 0,
for all distinct z,y € X.

Theorem 1.10. Let (X,d) be a complete metric space and T : X — X
be a Z-contraction with respect to a simulation function ¢ € Z. Then T
has a unique fixed point x* € X and for every xg € X, the Picard sequence
{z,}, where x,, = Txy,_1 for all n € N converges to the fixed point of T.

Antonio-Francisco et al. [23] slightly modify the notion of simulation func-
tion in the sense of Khojasteh et al. [15], which further generalize
the concept of simulation function introduced by Khojasteh et al. in [15].

Definition 1.11. Let ¢ : [0,00) X [0,00) — R be a mapping, then ( is
called a simulation function if it satisfies the following conditions:

¢(@) ¢(0,0) = 0;

C(1) ¢(t,s) < s—t, forallt,s > 0;

C(idi) if {t,},{sn} are sequences in (0, 00) such that Jim ¢, = lim s, >0
and t, < s, for all n € N, then nh_{& C(tn, sn) < 0.

They also presented the following example to establish that every simula-

tion function in the sense of Khojasteh is also a simulation function in their
sense, but the conserve is not true.
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Example 1.12. [23] Let k € R be such that k < 1 and let ¢ : [0, c0)
x [0,00) — R be the function defined by

C(t’s):{ 2s—t) if s<t

ks —t if otherwise.

With the aim of generalizing the notion of simulation functions as intro-
duced by Khojasteh et al., in 2018, Liu et al. [17] generalized the
concept of simulation function using the notion of C-class function. They
gave the following definition.

Definition 1.13. A mapping F : [0,00)> — R has the property Cp, if
there exists a Cr > 0 such that

() F(S,t) >Cp=s>t;

nuy F(t,t) < Cr forallt € [0,00).

Definition 1.14. A Cp simulation function is a mapping ¢ : [0,00) X
[0,00) — R satisfying the following conditions:

by C(t,s) < F(s,t), for all t,s > 0, where F' is a C-class function;

Geiy if{tn}, {sn} are sequences in (0, 00) such that lim, ., ty, :nli_)ngO Sp >
0 and t,, < s, for all n € N, then 7}1—{20 C(tn, sn) < Cp.

Some examples of a C-class functions that have property C'r are as follows:
1. F(s,t)=s—t,Cp=mrr1r€]0,00);
2. F(s,t) = T k=210 =175.7>2
Remark 1.15. It is worth mentioning that every simulation function in
the sense of Khojasteh is also a Cr simulation function, but the converse is
not true. This claim is easy to see using Example 1.12 with F(s,t) = s —t.

One of the interesting generalization of metric spaces is the concept of
b-metric spaces introduced by Czerwik in [8]. He established the Banach
contraction principle in this frame work with the fact that b need not be con-
tinuous. Thereafter, several results has been extended from metric spaces
to b-metric spaces, more so, a lot of results on the fixed point theory of
various classes of mappings in the frame work of b-metric spaces has been
established by different researchers in this area (see [6, 8] and the refer-
ences therein). For example in [26], Sintunavarat introduced the concept
of a-admissible mapping type S as a generalization of a-admissible
mapping [25].
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Definition 1.16. [26] Let X be a nonempty set and s > 1 be a given real
number. Let a : X x X — [0,00) and T : X — X be mappings. The
mapping T is said to be an a-admissible mapping type S if for all z,y € X

alz,y) > s = a(Tz,Ty) > s.
Remark 1.17. Clearly, if s = 1, we obtain Definition 1.1.

Remark 1.18. We remark that using the idea of Sintunavarat [25],
we can also generalize the notion («, ()-admissible mapping as
introduced by Chandok in [7].

Mustafa and Sims [21], introduced the concept of generalized metric
space (G —metric) to generalize the concept of D-metric spaces and
correct some slips up in the notion of D-metric spaces. They
established some fixed point theorems in the frame work of complete
G-metric spaces.

Definition 1.19. Let X be a nonempty set and G : X x X x X — R™ be
a function satisfying the following properties

1. G(z,y,z) =0 if and only if x = y = z,
0 < G(z,z,y) for all x,y € X with x =y,

G(z,z,y) < G(z,y,z2) for all z,y,z € X with z =y,

B~ N

G(z,y,2) = G(z,2z,y) = Gy, z,x) = -+ -,

(symmetry in all the three variables),
5. G(z,y,z) < G(z,a,a) + G(a,y, 2) for all z,y,z,a € X.

Then, the function G is called a G-metric on X and the pair (X, Q) is called
a G-metric space.

Motivated by the concept of b-metric and G-metric spaces [8, 21],
Aghajani et al. in [3], introduced the notion of generalized
b-metric space (G, — metric spaces), presented some properties of
Gp-metric spaces and prove some coupled coincidence fixed point
theorems for (¢, p)-weakly con- tractive mappings in the frame work of
partially ordered Gp-metric spaces. Thereafter, several results and
applications has been extended from metric spaces, b-metric spaces
and G-metric spaces to Gp-metric spaces, more so, a lot of results
on the fixed point theory of various classes of mappings in
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the frame work of Gp-metric spaces has been established by different re-
searchers in this area (see [16] and the references therein). The notion of
Gp-metric spaces generalize, improves and unifies results in metric spaces,
b-metric and G-metric.

Definition 1.20. [3] Let X be a nonempty set, s > 1 a given real number
and Gy : X x X x X — R™ a function satisfying the following properties:

1. Gy(z,y,z) =0 ifand only if x =y = z,

2. 0 < Gy(z,x,y) for all z,y € X with x =y,

w

. Gy(z,z,y) < Gy(z,y, 2) for all z,y,z € X with z =y,

N

. Gy(z,y, 2) = Gp(p{z, z,y}), where p is a permutation of x,y, z
(symmetry),

S

Gy(z,y, z) < bGy(z,a,a) + bGy(a,y, z) for all x,y,z,a € X.

Then, the function Gy is called a generalized b-metric and the pair
(X, Gy) is called a generalized b-metric space (G}, — metric space).

Example 1.21. Let X = R and d(z,y) = |z — y|?. It is well known that
(X,d) is a b-metric space with b = 2. Let Gy(z,y,z) = d(z,y) + d(y, z) +
d(z,x), it is easy to see that (X,Gy) is not Gp-metric space. However,
if we define Gyp(x,y,z) = max{d(z,y),d(y,z),d(z,z)}, then (X,Gp) is a
Gy-metric space.

Definition 1.22. [3] A Gy-metric space is said to be symmetric if Gy(z,y,y) =
Gy(y,z,z) for all x,y € X.

Proposition 1.23. [3] Let X be a Gy-metric space. Then for each z,y, z,a €
X, it follows that

1. Gy(z,y,2) =0=>zx=y =2
Gy(z,y, 2) < 0Go(z, 2, y) + bGo(, 2, 2),
Gy(z,y,y) < 2bG(y, z, 2),

4. Gyp(z,y, z) < bGy(x,a,z) + bGp(a, y, 2).

Definition 1.24. [3] Let X be a Gy-metric space. A sequence {xy} in X
is said to be;
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1. Gy-Cauchy if for each € > 0 there exists a positive integer ng such
that for all m,n,l > ng, Gp(Tpn, Tm,x;) < €

2. Gy-convergent to a point x € X, if for € > 0 there exists a positive
integer mo such that for all m,n > ng, Gp(n, Tm,x) < €. That is
limy, ;m—o0 Gb(@n, Tm, x) = 0. We call « the limit of the sequence {z,,}
and write x,, — x or lim,_,, T, = T.

Definition 1.25. [3] A Gy-metric space is called Gy-complete, if every Gy,-
Cauchy sequence is Gy-convergent in X.

Proposition 1.26. [3] Let (X,G}p) be a Gy-metric space. The following
statements are equivalent

1. {zy} is Gp-convergent to x;

2. Gy(xp, Ty, ) — 0 as n — oc;

3. Gy(zp,z,x) — 0 as n — oo;

4. Gp(Tp, Tm, ) — 0 as m,n — oo.

Proposition 1.27. [3] Let (X,G)) be a Gy-metric space. The following
statements are equivalent:

1. {z,} is Gy-Cauchy sequence.
2. Gy(xm, Tn, y) — 0 as n,m — oo.

Very recently, Kumar et al. [16] introduced the concept of Z-contraction
with respect to ¢ in the frame work of G-metric spaces. They establish
some fixed point results and gave an example to support their main result.

Definition 1.28. Let (X,G) be a G-metric space, T : X — X a mapping
and ( € Z. Then T is called a Z-contraction with respect to (, if the
following condition is satisfied

(G(T%,Ty,Tz),G(x,y,z)) >0,
for all distinct z,y € X.

Theorem 1.29. Let (X, G) be a complete G-metric space and T : X — X
be a Z-contraction with respect to a simulation function ( € Z. Then T
has a unique fixed point x* € X and for every xo € X, the Picard sequence
{z,}, where x,, = Tx,_1 for all n € N converges to the fixed point of T.
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Motivated by the works of Liu et al. [17], Kumar et al. [16],
Khojasteh et al. [15], Antonio-Francisco [23] and the current research
interest in this direction, we introduce the notions of b-Cr simulation
function, (a, 3)- admissible type B mapping and (a, 3)-Zp-contraction
mapping with re- spect to ( in the frame work Gj-metric spaces.
Furthermore, we establish some fixed point results for («, (§)-Zp
-contraction mapping in the frame work of complete Gy-metric spaces
and apply our results to establish the existence of solution of an integral
equation.

2. Main Results

In this section, we introduce the notion of b-Cr simulation function, («, [3)-
admissible type B mapping, triangular (o, 3)-admissible type B mapping
and («, 8)-Zp-contraction mapping with respect to ¢ in the frame work
Gy-metric spaces and established the existence and uniqueness results of
the fixed point for this class of mappings in the frame work of a complete
Gp-metric spaces.

Definition 2.1. A b-Cp simulation function is a mapping ¢ : [0,00) X
[0,00) — R satisfying the following conditions:
Ce(7) C(t,s) < F(s,t), for all t,s > 0, where F' is a C-class function;
Ce(i7) if {tn},{sn} are sequences in (0,00) such that 0 < lim, oty <
liminf, o sy, < limsup,,_,oo Sn < b limpy—ooty < 00 and t, < s, for all
n € N, then

lim ((bty,,s,) < Cp.

n—oo

Remark 2.2. It is easy to see that if b = 1, we obtain Definition 1.14.

Remark 2.3. We remark that Definitions 1.7, 1.11, 1.13, 1.14 and Def-
inition 2.1 are important in the study of fixed point and its applications
because they are used to obtain new contractive definitions and for extend-
ing, generalizing and unifying existing fixed point results in the literature
and hence generalizing the Banach Contraction Principle in different ab-
stract spaces.

Definition 2.4. Let X be a nonempty set with b > 1 a given real number,
T:X — X and a,f: X x X xX — [0,00) be mappings. Then T is called
(v, B)-admissible type B mapping if for all x,y,z € X with a(z,y,z) > b
and B(z,y,z) > b implies a(Tz,Ty,Tz) > b and B(Tx,Ty,Tz) > b.
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Remark 2.5. We remark that if b = 1, we obtain Definition 1.4 in the
frame work of G-metric spaces.

Definition 2.6. Let X be a nonempty set with b > 1 a given real number,
T:X — X and o, : X x X x X — [0,00) be mappings. Then T is called
triangular («, 3)-admissible type B mapping if

1. T is (o, B)-admissible type B mapping,

2. a(z,a,a) > b,afa,y,z) > b and B(x,a,a) > b,5(a,y,z) > b implies
a(z,y,z) > b and B(z,y,2) > b,

for all x,y,z,a € X.

Lemma 2.7. Let X be a nonempty set with b > 1 a given real number
and T be a triangular («, 3)-admissible type B mapping and there exists
xo € X such that a(xo, Txo,Txo) > b and [(xo, Txo, Txo) > b. Suppose
that the sequence {x,} is defined by xp1+1 = Ty, then o(zy,, T, Ty) > b
and B(Tm, Tn, Tn) > b for all n,m € N U {0}, with m < n.

Proof.  Suppose that T is triangular («, )-admissible type B mapping

and there exists zog € X such that a(zg, Tz, T'zo) > band B(xg, Txo, Txo) >

b, we then have that a(xg, Txo, Txo) = a(xg, 21, 21) > band B(xg, Txo, Txo) =
B(xo,x1,x1) > b, which implies that o(Txo, Tx1,Tx1) = a(x1,z2,22) > b
and B(Txzo, Tx1,Tx1) = B(x1,x2,22) > b. Continuing the process, we ob-
tain that a(x,, Tnt1, Tnt1) > b and B(zp, Tny1, Tne1) > b. For all n,m €

N U {0} with m < n, observe that since

(T, Tt 15 Tmg1) = 0, B(@my Tt Tmg1) 2> band o @pt1, Ting2, Trg2) >

b, B(Tm+1, Tm+2, Tm+2) = b, we obtain

(T, Tm+2, Tmy2) = b, B(Tm, Tmt2, Tmy2) > b. Also, since oy, Tmt-2, Tmt2) >
b, /B(xma Tm+2, mm+2) > band a<$m+27 Tm+3, xm—l—?)) > b, 5(xm+27 Tm+3, xm+3) >
b, we obtain a(Zp, Tm+3, Tm+3) > b, 8(Tm, Tm3, Tm+3) > b. Continuing

the process, we have that

(T, Ty Tp) > b and B(xpm, Tn, xn) > b.

a

Definition 2.8. Let (X, G}) be a Gy-metric space with b > 1 a given real
number, a, 3 x X x X — [0,00) be functions and T be a self map on X.
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The mapping T is said to be («, 3)-Zp-contraction mapping with respect
to (, if

(21) O[(.I, Y, Z)ﬁ(ﬂ?, Y, Z) > b2 = C(bi(T.’E, Ty? TZ), Gb(ﬂ?, Y, Z)) > CF
for all distinct xz,y, z € X.

Remark 2.9. If we suppose that b = 1 and Cr = 0, we obtain a new type
of generalized Z-contraction with respect to (,

(22)  ofx,y,2)B(x,y,2) > 1= (G(Tz,Ty,Tz),G(z,y,2)) >0,

for all distinct x,y,z € X. It is easy to see that gme is a generalization of
Definition 1.28.

Theorem 2.10. Let (X, Gp) be a Gy-complete metric space and T : X —
X be an («, B)-Zp-contraction mapping with respect to (. Suppose the
following conditions hold:

1. T is triangular (o, B)-admissible type B mapping,

2. there exists xg € X such that a(xo, Txo, Txo) > band 5(zg, Tz, T'zo) >
b,

3. if for any sequence {xy} in X with a(zp, Tni1, Tnt1) = b, B(Tn, Tni1, Tpt1) >
b for alln > 0 and z,, — = as n — oo, then a(xy,x,z) > b and
ﬁ(wn,x,m) > b.

Then T has a fixed point.

Proof. To establish the existence of fixed point of T, we divide the proof
into four (4) steps.

Step 1: We show that nh_)ngo Gp(Tn, Tnt1, Tnte1) = 0.
Let g € X be such that a(xg, Tz, Tzo) > b and B(zg, Txo, Txo) > b. We
define the sequence {xy,} by x,4+1 = Tz, for all n € NU{0}. If we suppose
that z,4+1 = @y, for some n € N U {0}, we obtain the desired result. Now,
suppose that z,4+1 = x,, for all n € NU{0}. From Lemma 2.7, it is easy to
see that

Oé(.’L'n, Tn+1, anrl)ﬁ(wna Tn+1, $n+1) > b2

for all n € N U {0}. Using (.(2),n(¢) and from (2.1), we have that
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Cr<¢ (bGy(Txn, Trps1, Tnit1), Go(Tn, Tny1, Tny1))
(2.3) = C(bGp(Tn+1, Tnt2, Tni2), Go(Tn, Tng1, Tni1))
< F(Gb($n, Tn+1, anrl)v bi(anrlv Tn+2, xn+2))-

From (2.3), we obtain

F(Gy(zn, Tnt1, Tnt1), bGo(Tnt1, Tniyo, Tng2)) > Cp,

which implies that

Gb(xna Tn+1, iL'nJrl) > bi($n+1, Tn+2, xn+2)-

That is
(2‘4) bi(zTH-l? Tn+2, $n+2) < Gb(*fna Tn+1, xn-‘rl)-

It is easy to see from (2.4) that the sequence {Gy(xn, Tnt1, Tnt1)} is mono-
tonically decreasing and nonnegative. More so, inductively, we have that
{Gp(Tn,Tn+1,Tns1)} is bounded. Therefore, there exists ¢ > 0 such that
nh—{%o Gb<$n7 Tn+1, mn—&-l) =cC.

Suppose that ¢ > 0, clearly nlingo Gp(Tn+1, Tnt2, Tnta) = c. Since T is an
(o, B)-Zp-contraction mapping with respect to ¢ € Z and using (. (i7), we
have

CF S lim SUDPp— 00 C(bi(xn-f—la Tn+2, xn+2)7 Gb<$n7 Tn+1, mn—&—l)) < CF
This is a contradiction, thus ¢ = 0 and so we have that

(2.5) lim Gy(zp, Tnt1, Tnt1) = 0.

n—oo

Step 2: We show that {z,} is bounded.

Suppose that {z,} is not a bounded sequence, then there exists a subse-
quence {zp, } of {x,} such that for ny = 1 and for each k € N, nyy; is the
minimum integer such that

(2.6) G(Tny 1 Tnys Tny) > 1 and  G(Tm, Ty, Tn,) <1

for ng, < m < mnpsq — 1. Using (2.6) and Proposition 1.23, we have
]- < G(xnkJrl 9 xnk 9 xnk) S bG(a:nk+1 9 xnk+1—1a xnk+1_1) + bG(xnk+1—1’ xnk I xnk)
< 2b2G(xnk+1*1> xnk+17xnk+1) +b.
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Letting £ — oo and using lim1, we obtain

(2.7) 1<liminf G(zn,,,,Tn,, Tn,) <limsup G(Tn,,,, Tn,,Tn,) < b.

k—o0 k—o00

From (2.4), we deduce that

bG(xnk+17$nk7$nk) S G(xnk+1—17xnk—laxnk—l)
(28) S bG(l‘nkJrl*l? Ty :Enk) + bG(:Enk s Tny—1, xnkfl)
< b+ 20°G(Tpy—1, Ty s Ty, )-

Letting £ — oo, using lim1 and koo, we obtain that
nlgg() G(Tnyyrs Tnys Tny) = 1 and 711520 G(Tnyyy—1,Tny—1, Tny—1) = b.

From Lemma 2.7, it is easy to see that
Ol(«fnkﬂ—l,xnk—h«fnk—l)ﬁ(«fnkﬂ—l,$nk—1,$nk—1) > b2 and by definition of
(a, B)-Zp-contraction with respect to ¢, and by (.(i7), we obtain

CF Shm sup C(bG(T':EnkJrlfla Txnkfla T:L‘nkfl)a G(l‘nk+1717 Tnp—1, :L‘nkfl))

k—oo

:liin sup ((bG (Tny 1> Tngs Tny ), G(Tnyyy—1, Tny—1, Tny—1)) < CF.
—00

This is a contradiction. Thus {z,} is bounded.

Step 3: We show that {z,} is Cauchy.
Suppose that C, = sup{Gy(z;,z;,2;) : 4,5 > n},n € N. Since {z,} is
bounded, we have that C,, < oo for all n € N, as such {C,} is a positive
monotonically decreasing sequence which converges. That is lim, ., Cp, =
C > 0. Suppose that C' > 0, then by definition of C),, for every k € N, we
can find ny, my such that m; > n, > k and

1

Cn - E < Gb(xmkymnwmnk) < Ck7

letting k — oo, we obtain

(2.9) lim Gy(zm,, Tn,, Tn,) = C.

k—o0
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From (2.4) and using the definition of C),, we deduce that
bGy(Tmys Ty Tny,) < Go(Tmp—15 Tng—1, Tnj—1) < Cr—1.

Letting k£ — oo and using cl, we obtain

bC < likrgggf Gy(Timy—1, Tnj—1, Tny—1) <limsup Gy(Tm;,—1, Tny—1, Tn,—1) < C.

k—o0
(2.10)
It is easy to see from Lemma 2.7 that o(Zm, 1, Tn,_ 1> Trg_ 1) B(@my_ 1> Trpys Tng_y) =
b2, so by definition of («, 3)-Zr-contraction with respect to ¢ and using
C«(i1), we have that
Cr < lim C(O0Gy(Tmy—1, Tony—1, Tny 1), Go(Tmy_y» Tnge_y» Tny, )

:nh—>r20 C(bi('kavxnk’ xnk)’ Gb(zmk—l » Tng_15 xnk—l)) < CF.

This is a contradiction, thus C' = 0. Hence, {z,} is a Cauchy sequence.

Step 4: Finally, we show the existence of fixed point of T.
Since {z,} is a Cauchy sequence and X is a complete Gy-metric space,
there exists x € X such that nlLHOIO zn, = z. Using condition (3), since
a(zn, z,x) > b, B(an, z,x) > b, we have that a(z,,z,v)3(xn, z, ) > b2
and since T' is («a, §)-Zp-contraction with respect to ¢ and using 7(7), we
obtain
Cr < ((bGy(Txp, Tx,Tx), Gp(Tn, T, X))
< F(Gp(xp, x,x),bGy(Txy, Tx, TT)).

It follows that F(Gp(zn,z, ), bGp(Txy, Tz, Tx)) > Cp, which implies

that
bGy(Txpn, Tz, Tx)) = bGp(Tnt1, Tz, Tx)) < Gp(zp, x, )

and consequently, we have
Gy(x, Tz, Tz) < bGy(x, pt1, Tnt1) + bGp(Tpt1, Tx, Tx) < bGy(x, Tpt1, Tnt1) + Go(Tn, x, ).
Letting n — oo, we obtain that Gy(z, Tz, Tx) =0=x =Tz. O

Theorem 2.11. Suppose that the hypothesis of Theorem 2.10 holds and
in addition suppose a(x,y,y) > b and B(z,y,y) > b for all z,y € F(T),
where F(T') is the set of fixed point of T. Then T has a unique fixed point.

Proof. Let z,y € F(T), that is Tx = x and Ty = y such that z = y.
Using our hypothesis, we have a(z, v, y)3(x,y,y) > b?. we obtain from (2.1)
that
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Cr < C(bGy(Tz, Ty, Ty), Gy(z,y,y))
< F(Gb(xvy)y)vbi(Tx)Tvay))
= F(Gb(l‘»yyy)»bi(%%y))

It follows that F'(Gy(z,y,y),bGs(x,y,y)) > Cr, which implies that

bi($, Y, y) < Gb($, Y, y)
which is a contradiction, as such, we must have that Gy(z,y,y) = 0=z =

y. Hence T has a unique fixed point. O

3. Consequences of Main Result
In this section, we present some consequences of our main result.

Corollary 3.1. Let (X, Gyp) be a complete Gy-metric space and T : X — X
be a mapping satisfying

a(ac, Y, Z),B(Z, Y, Z) > b2 = C(bi<T$7 Ty7 TZ)? Gb(xv Y, Z)) > 07
for all distinct x,y, z € X. Suppose the following conditions hold:

1. T is triangular (o, B)-admissible type B mapping,

2. there exists xg € X such that a(xg, Txo, Txo) > band 5(zg, Tz, Txo) >
b,

3. if for any sequence {xy} in X with a(zp, Tnt1, Tnt1) = b, B(Tn, Tnt1, Tnt1) >
b for alln > 0 and =, — x as n — oo, then a(x,,z,z) > b and
ﬁ(:cn,a:,x) > b.

Then T has a fixed point.

Proof.  The result follows from Theorem 2.10. Since by taking Cr = 0,
and defining ((¢,s) = s — t, for all s, > 0, we obtain

CK((IZ,y, Z)B(fﬂ,y,Z) > b2 = bi(T.TI,Ty,TZ) < Gb($7yaz)'
O

Corollary 3.2. Let (X, G}) be a complete Gy-metric space andT : X — X
be a mapping satisfying

(23, Y, Z)ﬁ(l?, Y, Z) > b = C(bi(T:B? Ty, TZ)7 )‘Gb(x’ Y, Z)) > 0,
where A € (0,1). Suppose the following conditions hold:
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1. T is triangular («, 3)-admissible type B mapping,

2. there exists xg € X such that a(xg, Txo, Txo) > band 5(zg, Tz, Txo) >
b,

3. if for any sequence {xy,} in X with a(zp, Tni1, Tnt1) = b, B(Tn, Tni1, Tns1) >
b for alln > 0 and =, — x as n — oo, then a(x,,z,z) > b and
ﬁ(:vn,a:,x) >b.

Then T has a fixed point.

Proof.  The result follows from Theorem 2.10. Since by taking Cr = 0,
and defining ((t,s) = s —t, for all s,t > 0, we obtain

a(m,y,z)ﬁ(w,y,z) > b2 = bi(TxaTyaTZ) < )\Gb(xvyaz)'

O

Remark 3.3. Corollary 3.2 can be seen as a generalization of the well-
known Banach contraction priniciple [5] in the frame work of complete
Gyp-metric spaces.

Corollary 3.4. Let (X, G}) be a complete Gy-metric space andT : X — X
a(z,y, 2)B(x,y,z) > b2

C(bi(Tﬂj, Ty7 TZ), Gb(xa Y, Z) - w(Gb(x’ Y, Z))) > 07

where 1) : R — R is a lower semicontinuous function with =1(0) = (0).

Suppose the following conditions hold:

be a mapping satisfying N

1. T is triangular (o, 3)-admissible type B mapping,

2. there exists xg € X such that a(xo, Txo, Txo) > band 5(xg, Tz, Txo) >
b,

3. if for any sequence {xy} in X with a(zp, Tni1, Tnt1) = b, B(Tn, Tni1, Tps1) >
b for alln > 0 and =, — x as n — oo, then a(x,,z,z) > b and

B(xn,z,x) > b.

Then T has a fixed point.
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Proof.  The result follows from Theorem 2.10. Since by taking Cr = 0,
and defining ((¢,s) = As — ¥(s) — ¢, for all s,¢ > 0, we obtain

a(z,y,2)8(z,y,2) > b = bG(Tz, Ty, Tz) < Gy(z,y,2) — ¥(Gp(z,y, 2)).
O

Remark 3.5. Corollary 3.4 can be seen as a generalization of Rhoades fixed
point result [22] in the frame work of complete Gy-metric spaces.

Corollary 3.6. Let (X, Gj) be a complete Gy-metric space andT : X — X
be a mappmg satisfying a(m, Y, Z),B(.%', Y, Z) >1= g(bi(T.%', Ty? TZ)? Gb(xv Y, Z)) > 07
for all distinct x,y, z € X. Suppose the following conditions hold:

1. T is triangular («, B)-admissible mapping,

2. there exists xg € X such that a(xy, Txo, Txo) > 1 and B(zo, T'xo, Txo) >
L,

3. if for any sequence {xy} in X with o(zpn, Tnt1, Tnt1) > 1, B(Tn, Tntl, Tnp1) >
1 for alln > 0 and =, — = as n — oo, then a(x,,z,z) > 1 and
ﬁ(l‘n,.’l},.’IJ) > L

Then T has a fixed point.

Proof.  The result follows from Theorem 2.10, by taking C'r = 0. Since
by defining ((t,s) = s — t, for all s,¢ > 0, we obtain

Oé(l‘,y, Z)/g(l‘aya Z) >1= bi(T(L‘,Ty,TZ) < Gb($7y7 Z)

4. Application

In this section, we present an application of Corollary 3.1 to guarantee the
existence of solution to an integral equation of the form:

x(t)=g(t)+ [ K(t,s,u(s))ds, t € [0,1]. Let X = C([0,1]) be the
space of real continuous functions defined on [0, 1]. It is well-known that
C(]0,1]) endowed with the Gp-metric

2
Gy(z,y,2) = ( sup |z(t) —y(t)| + sup |y(t) —2(¢)| + sup Iz(t)—x(t)l>
te(0,1] te[0,1] te(0,1]
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is a complete Gp-metric space with b = 2. Define T': X — X by

Tx(t) = g(t) + /01 K(t,s,u(s))ds, te][0,1].
Theorem 4.1. Suppose that the following hypothesis hold:
1. K:[0,1] x[0,1] x R — R and ¢ : [0,1] — R are continuous,
2. there exists H : [0,1] x [0,1] — [0, 00) such that
|K(t,s,u) — K(t,s,v)| < H(t,s)|u— v
for all distinct x,y € X,t,s € [0,1] and u,v € R,
3. supsco,1 fol H(t,s)ds < 3.

Then the integral equation int has a solution ¢ € X.

Proof. We define o and § as follows:
a,f: X x X x X —[0,00) are defined by

( SR a(xo, Txo, Tzo) > b
alr,y,z) = 0 otherwise,

[ 2 if (o, T, Tag) > b
B(x,y,2) = { 0 otherwsie.

It is easy to see that for all z,y € [0, 1], we have a(z,y, 2)5(z,y,2) =
6 > 4 = 22 = b2, as such, we obtain
>2

2
2Gy(Tz, Ty, Ty) =2 (2 SUP¢c(o,1) Tx(t) — Ty(t)\)
Jy K(t,s,2(s)) — K(t,5,y(s))ds
2
< 2<2 supge(o,1) Jo 1K (t 5, 2(s)) — K(t, Say(S))|d5>

=2 (2 SuP;e|o,1]

2
< 2<2 SUPye(0,1] Jo H(t,)|z(s) — y(3)|> ds

2
< 8supyepo |2(t) — y(t)? (SuPte[o,l] Jo H(t, 3)d3>

= Gb(l’, Y, y)
Thus Corollary 3.1 is applicable to 1" which guarantees the existence of
the fixed point x € X. Thus, x is the solution of the integral equation int.
O
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Conclusion

In this paper, we introduce the notion of b-C'r simulation function, («, 3)-
admissible type B mapping and («, 3)-Zp-contraction mapping with re-
spect to ¢ in the frame work Gp-metric spaces. Furthermore, we establish
some fixed point results for (a, 3)-Zp-contraction mapping in the frame
work complete Gyp-metric spaces. Finally, we apply our result to the ex-
istence of a solution of an Integral equation. The obtained results in this
paper generalize, unify and improve the fixed point results of Liu et al.,
[17], Antonio-Francisco et al. [23], Khojasteh et al. [15], Kumar et al.
[16] and other results in this direction in the literature.
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