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In this paper, we introduce a viscosity-type proximal point algorithm comprising of a
finite composition of resolvents of monotone bifunctions and a generalized asymptotically
nonspreading mapping recently introduced by Phuengrattana [Appl. Gen. Topol. 18
(2017) 117-129]. We establish a strong convergence result of the proposed algorithm to
a common solution of a finite family of equilibrium problems and fixed point problem for
a generalized asymptotically nonspreading and nonexpansive mappings, which is also a
unique solution of some variational inequality problems in an Hadamard space. We apply
our result to solve convex feasibility problem and to approximate a common solution of
a finite family of minimization problems in an Hadamard space.
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1. Introduction

The approximation of fixed points of nonlinear mappings is one of the most flour-
ishing areas of research in mathematics that has enjoyed a prosperous development
in the recent years (see, for example, [1I,[10, 12, 16|, 24, 2731, [38, 44 [47, [48,[52] and
the references therein). Due to its wide application in solving many mathematical
problems; namely, inverse problems, variational inequality problems, minimization
problems, problems emanating from game theory and fuzzy theory, among oth-
ers, it has continued to attract the interest of numerous authors. These authors
have introduced several nonlinear mappings whose fixed points are solutions to the
aforementioned problems. For instance, Kohsaka and Takahashi [35] introduced
the class of nonspreading mappings defined as follows: Let C' be a nonempty closed
and convex subset of a real smooth, strictly convex and reflexive Banach space E.
A mapping T:C — C is called nonspreading, if

o(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty,x), Ya,yeC, (1.1)

where ¢(z,y) = ||z]|? — 2(z, Jy) + ||ly||* and J is the duality mapping on C. If
FE = H, where H is a real Hilbert space, then J is the identity mapping and
#(x,y) = ||z —y||? for all z,y € H. Thus, for a nonempty, closed and convex subset
Cof H T :C — C is called nonspreading, if

2Tz~ Ty|* < | Tz —y|* + | Ty — 2l*, Ya,yeC. (1.2)

Using the class of nonspreading mappings, Kohsaka and Takahashi [35] studied
the resolvents of maximal monotone operators in Banach spaces. Later in 2013,
Naraghirad [37] continued along this line and introduced the class of asymptotically
nonspreading mappings in a real Banach space, which he defined as follows: Let C
be a nonempty, closed and convex subset of a real Banach space E. A mapping
T:C — C is called asymptotically nonspreading, if

Tz — T y||* < ||z —y||® +2(x — T"x, J(y — T"y)) Va,y € C and n €N,
(1.3)

where J is the duality mapping on C. One can easily verify that in a real Hilbert
space, ([L3) is equivalent to

2Tz — T™y||? < | Tz —y||* + ||T"y — z||> Vz,y € C and neN. (1.4)

Clearly, if n = 1, then T is nonspreading. Naraghirad [37] proved some weak and
strong convergence theorems for approximating fixed points of asymptotically non-
spreading mappings in real Banach spaces.

Based on the work of Naraghirad [37], Phuengrattana [43] introduced a new class
of nonlinear mappings in a convex metric space as follows: Let C' be a nonempty
subset of a convex metric space X. A mapping 7T:C — C is called generalized
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asymptotically nonspreading, if there exist two functions f,g:C — [0,7], v < 1
such that

d*(T"x, T"y) < f(2)d*(T"x,y) + g(z)d*(T"y,x) Yz, ye C, neN,
and
0< flx)+g(x)<1 VzeCl.

Phuengrattana [43] established some existence theorems and demiclosed principle
for the class of generalized asymptomatically nonspreading mappings. Furthermore,
he proved a A-convergence of the Mann-type iteration to a fixed point of this class
of mappings in a complete CAT(0) space. As remarked by Phuengrattana [43], if
flx) = % = g(x) for all x € C, then T reduces to an asymptotically nonspread-
ing mapping. Thus, the class of generalized asymptotically nonspreading mappings
includes the class of asymptotically nonspreading mappings, as well as the class of
nonspreading mappings. The following example was given by Phuengrattana [43]
to show that this inclusion is actually proper.

Example 1.1 ([43]). Let T:[0,00) — [0,00) be defined by

0.9, ifzx>1,
Tx =
0, if x €[0,1).

Then, T is not an asymptotically nonspreading mapping. To see this, take x = 1.2
and y = 0.7. However, T is a generalized asymptotically nonspreading mapping.

Another area of mathematics that has received a lot of attention in recent time
is optimization theory. One of the most important problems in optimization theory
is the following Equilibrium Problem (EP):

Find z* € C' such that f(z",y) >0, Vy € C, (1.5)

where f is a bifunction from C x C into R. The point «* for which (IZH) is satisfied
is called an equilibrium point of f. Throughout this paper, we shall denote the
solution set of problem (L3 by EP(f, C). Problem (LI includes many important
mathematical problems as special cases such as variational inequality problems,
minimization problems, complementarity problems, among others. EPs have been
widely studied in Hilbert, Banach and topological vector spaces by many authors
(see [0l [7, 151 211, 26] [42] [49]), as well as in Hadamard manifolds (see [14], [39, [40]).
Very recently, Khatibzadeh and Mohebbi [33] extended these studies to Hadamard
spaces. More precisely, they studied the existence of an equilibrium point of the
bifunction f under some appropriate conditions on f. Furthermore, Khatibzadeh
and Mohebbi [33] proved the unique existence of the sequence generated by the
Proximal Point Algorithm (PPA) (or equivalently, the unique existence of the resol-
vent) associated with the bifunction f. They also proved the convergence of the
resolvent of f to an equilibrium point of f. More so, they obtained a A-convergence
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and a strong convergence of the PPA and the Halpern-type algorithm, respectively,
to an equilibrium point of f.

Motivated by the results of Phuengrattana [43], Khatibzadeh and Mohebbi [33],
we introduce a viscosity-type PPA (since viscosity-type algorithms have higher
rate of convergence than the Halpern-types, and Halpern-type convergence the-
orems imply viscosity convergence theorems, see for example [45]) and prove its
strong convergence to a common solution of a finite family of equilibrium problems
and fixed point problem for a generalized asymptotically nonspreading and non-
expansive mappings, which is also a unique solution of some variational inequality
problems in an Hadamard space. Furthermore, we apply our results to solve con-
vex feasibility problem and to approximate a common solution of a finite family of
minimization problems in an Hadamard space.

2. Preliminary

2.1. Geometry of CAT(0) spaces

Definition 2.1. Let (X,d) be a metric space and z,y € X. A geodesic path
joining 2 to y is a mapping c¢:[0,¢t] C R — X such that ¢(0) = z, ¢(t) = y and
d(e(k),c(k")) = |k — K| for all k, k" € [0,¢]. In this case, ¢ is called an isometry and
d(x,y) = t. The image of ¢ is called a geodesic segment joining x to y. When this
image is unique, it is denoted by [z, y].

The metric space (X, d) is said to be a geodesic space if every two points of X
are joined by a geodesic and it is said to be a uniquely geodesic space if every two
points of X are joined by exactly one geodesic segment. A subset C' of a geodesic
space X is said to be convex, if for all z,y € C, the segment [z, y] isin C. A geodesic
triangle A(x1, 22, 23) in a geodesic space (X, d) consists of three points x1, xo, x3
in X (known as the vertices of A) and a geodesic segment between each pair of
vertices (known as the edges of A). A comparison triangle for the geodesic triangle
A(xy, 29, 23) in (X,d) is a triangle A(xy, 22, 23) := A(Z1, T2, Z3) in the Euclidean
plane R? such that d(z;,z;) = dg2(Z;, ;) for all 4,5 € {1,2,3}. A geodesic space X
is a CAT(0) space if the distance between an arbitrary pair of points on a geodesic
triangle A does not exceed the distance between its corresponding pair of points
on its comparison triangle A. If A and A are geodesic and comparison triangles in
X, respectively, then ¢ is said to satisfy the CAT(0) inequality for all points x, y of
A and z,7 of A if

d(z,y) = dg2(7, 7). (2.1)

Also, a geodesic space is a CAT(0) space if and only if it satisfies the following
inequality, called the (CN) inequality of Bruhat and Titis [9] (see [8]): If x,y, z are
points in X and yg is the midpoint of the segment [y, z], then

P(r,yo) < 3P(w0) + 5w, 2) — 10 (,2). (22)

2150058-4
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Definition 2.2 ([5]). Let X be a CAT(0) space. Denote the pair (a,b) € X x X
—

by ab and call it a vector. Then, a mapping (-,-): (X X X) x (X x X) — R defined
by

1
{ab,cd) = §(d2(a, d) + d*(b,c) — d*(a,c) — d*(b,d)) VYa,b,c,d € X
is called a quasilinearization mapping.

— — - — - — - —

It is easy to check that (ab,ab) = d?(a,b), (ba,cd) = —{ab,cd), (ab,cd) =
— — — — — —
(ae,cd) + (eb,cd) and (ab,cd) = (cd,ab) for all a,b,c,d,e € X. A geodesic

—

space X is said to satisfy the Cauchy—Schwarz inequality if (ab,zﬁ <
d(a,b)d(e,d) ¥V a,b,c,d € X. It has been established in [5] that a geodesically
connected metric space is a CAT(0) space if and only if it satisfies the Cauchy—
Schwarz inequality. It is generally known that CAT(0) spaces are uniquely geodesic
spaces (see for example [19]), and complete CAT(0) spaces are called Hadamard
spaces. Examples of CAT(0) spaces include: Euclidean spaces R", Hilbert spaces,

simply connected Riemannian manifolds of nonpositive sectional curvature, R-trees,

Hilbert ball [20] and Hyperbolic spaces [44].

Definition 2.3 (see [25]). Let {x,} be a bounded sequence in a geodesic metric
space X. Then, the asymptotic center A({x,}) of {x,,} is defined by

A({zn}) = {'D € X : limsupd(v,z,) = inf limsup d(v,xn)}.
Nn—00 veX n—oo

It is generally known that in a Hadamard space, A({x,}) consists of exactly one
point. A sequence {z,} in X is said to be A-convergent to a point v € X if
A({zn, }) = {©v} for every subsequence {z,,} of {z,}. In this case, we write A-
lim,, o0 &, = ¥ (see [I§]). The concept of A-convergence in metric spaces was first
introduced and studied by Lim [30]. Kirk and Panyanak [34] later introduced and
studied this concept in CAT(0) spaces, and proved that it is very similar to the
weak convergence in Banach space setting.

2.2. FExistence and uniqueness of resolvent
of monotone bifunctions

Definition 2.4 ([33]). Let C' be a nonempty closed and convex subset of an
Hadamard space X and o be an arbitrary but fixed point in X. The point o is
called a base-point of X. To study the EP (IH) in X, we consider the following
assumptions:

P1l: f(z,z)=0forall z € C.
P2: f(-,y): C — R is upper semicontinuous for all y € C'.
P3: f(z,-) : C — R is convex and lower semicontinuous for all z € C.

2150058-5
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P4: f is monotone, that is, f(z,y) + f(y,z) <0, for all 2,y € C.
P4*: f is pseudo-monotone, that is, whenever f(x,y) > 0, we have that
fly,z) <0.
P4**: f is f-undermonotone, that is, there exists # > 0 such that f(x,y) +
fly,z) < 0d?(x,y) for all 2,y € C.
P5: For any sequence {z,} in C with lim, .. d(z,,0) = +oo, there exists
v € C and ng € N such that f(z,,v) <0, for all n > ny.

The following theorem guarantees the existence of solution of EP (LH).

Theorem 2.5 ([33]). Let C' be a nonempty closed and convex subset of an
Hadamard space X and f:C x C — R be a bifunction such that f satisfies
P1, P2, P3 and P4*. Then, EP (LX) has a solution if and only if P5 holds.

Note that if P4* is replaced by P4 in Theorem 2.5 then the conclusion of
Theorem still holds.

Definition 2.6 ([33]). A function f: C x C' — R is said to be cyclic monotone if
for each n € N and z1,29,...,2, € X, we have

f(wy,22) + f(x2,23) + - + f(zn,71) < 0.

In [33], the authors proposed the following PPA for finding an equilibrium point
of f: Given an arbitrary z¢p € X, inductively for {z,_1} in C, {z,} satisfies the
following inequality:

F(@n,y) + A1 (Tn_1%m, Tny) >0, VyeC, (2.3)

where {\,, } is a sequence of positive numbers. The existence and uniqueness of ([23)
has been established in real Hilbert space setting for a f-undermonotone bifunction
(see [22]). Also, Khatibzadeh and Mohebbi [33] proved the existence of the sequence
generated by (Z3]) in Hadamard space settings by considering the following auxiliary
bifunction:

f(@,y) = f(z,9) + Mzz, 7), (2.4)
where T € X, A > 60 > 0 and f is a bifunction that satisfies P1, P2, P3 and P4**.

More precisely, they proved the following existence result.

Theorem 2.7. Let C' be a nonempty, closed and convexr subset of an Hadamard
space X and f:C x C — R be a cyclic monotone bifunction which satisfies P1, P2
and P3. Then, f has a solution.

Furthermore, they established the uniqueness result by employing assumption
P4** (see [33] p. 16]). Note that for the uniqueness result, we can replace assumption
P4** with the monotonicity assumption of f.
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This unique solution of the EP associated with f, is denoted by J ){ Z and it is
called the resolvent of f of order A > 0 at Z (see [33]). In other words, the resolvent
of the bifunction f is the set-valued mapping J )Jf : X — 2¢ defined by

J{(w) ={2€C:f(z,y) + Naz,zy) >0, Yy € C} forallzin X. (2.5)

Thus, we have the following important remark which follows from Theorem 2.7 and
the uniqueness result found in [33] p. 16].

Remark 2.8. If C' is a nonempty closed and convex subset of an Hadamard space
X and f:C x C — R is a cyclic monotone bifunction which satisfies P1, P2 and
P3, then for A > 0, the resolvent J { of f exists and it is unique.

See [33, Problem 3.11] for more discussion on the existence and uniqueness of
the PPA (Z3) or equivalently, the unique existence of the resolvent of monotone
bifunctions in Hadamard spaces.

2.3. Fundamental properties of resolvent of monotone bifunctions

Definition 2.9. Let C be a nonempty subset of a metric space X. A mapping
T:C — C is said to be uniformly L-Lipschitzian if there exists L > 0 such that

d(T"z,T"y) < Ld(z,y) VYVn>1, z,yeC.

If L =1andn =1, then T is called nonezxpansive. T is said to be asymptotically reg-
ular, if lim,, oo d(T"x, T" z) = 0 V2 € C. Furthermore, T is firmly nonezpansive
if

d*(Tz, Ty) < (TaTy,zg) Va,yeX.

By Cauchy—Schwartz inequality, it is clear that firmly nonexpansive mappings are
nonexpansive. Recall that a point v € C is called a fixed point of a nonlinear
mapping T:C — C, if Tv =v. We denote the set of fixed points of T by F(T).

Lemma 2.10 ([33], Proposition 4.2]). Let C' be a nonempty, closed and convex
subset of an Hadamard space X and f:C x C — R be a bifunction such that
J{:z: exists for X > 0. If f is monotone, then the mapping x — Jyz is firmly
nonexpansive.

Remark 2.11. By Lemma 210, we see easily that J )Jf is nonexpansive and EP(f,
C)=F(J ){ ). Also note that, under the assumptions of Lemma 210, we have that
J { singlevalued.

For the rest of this paper, we shall simply write Jy for the resolvent of a mono-
tone bifunction f.

Lemma 2.12. Let C be a nonempty, closed and convex subset of an Hadamard
space X and f:C x C — R be a bifunction such that Jyx exists for A\ > 0. Then,

2150058-7
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the following hold:
(i) If f is monotone and F(Jy) # 0, then

d?(Jyz,z) < d*(x,v) — d*(Jaz,v) Yo € X, ve F(Jy).
(i) If 0 < p < A, then d(Jyx,Jyx) < \/1—&d(x,J,x), which implies that

d(z, Jaz) < 2d(z, Jyx) Vo e X.
N
Proof. (i) By Lemma 210 we have that d?(Jyz, Jyv) < (JyxJyv, zv), which fol-
lows from the definition of quasilinearization that
d*(z, Jyz) < d*(z,v) — d*(v, Jax) Yo e X, ve F(Jy).

(ii) Let z € X and 0 < p < A, then we have that

f(hz,y) + Moz, Jaey) >0, Vyel (2.6)
and
f(‘],uxvy) + /L<$J#I, J#Iy> Z 07 Vy eC. (27)

By letting y = Jy,z in (Z6) and y = Jyz in [21), and summing up, we have
_ _
f(hea, Juz) + f(Juz, Iaz) + Moz, Hhad,z) + pled,z, Jyedye) > 0.

Also, by the monotonicity of f, we obtain that

(Iazx, Jyadyz) > %(J#xx,JuxJA@.
By the definition of quasilinearization, we have that
d*(z, Jux) — d*(Jw, Jux) — d*(z, Jaz)

> (dQ(JlL:r, Jnx) 4 d*(x, Jux) — d*(z, Jaz)).

>|=

That is,
H 2 K\ 2 K 2
£ <(1-Z E_ )
(A + 1) &2 (J,z, Jaz) < (1 A) &P (z, J,x) + (A 1) & (z, Jrz)
Since & <1, we obtain that
(% + 1) 2 (J,z, Jaz) < (1 - %) & (z, J,x),

which implies

d(J,w, Jaw) < 4 [1 - %d(w, J,). (2.8)

2150058-8
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A wiscosity-type proximal point algorithm for monotone equilibrium problems

Furthermore, by triangle inequality and (2:8)), we obtain that
d(z, hx) < 2d(z, J,x). m|

2.4. Important lemmas

We now recall some important lemmas which will be needed in the proof of our
main results.

Lemma 2.13. Let X be a CAT(0) space, x,y,z € X and t € [0,1]. Then

() d(tz ® (1 t)y, =) < td(z, 2) + (1 — H)d(y, =) (see [T).

(i) d2(tz @ (1 1)y, 2) < td(z, ) + (1 — P (y, 2) — 11 — )d(z,y) (see [TT).
(if}) d®(tz @ (1—t)y, 2) < t2d2(x, 2) + (1 — £)2d%(y, 2) + 2t(1 — t) (2, y2) (see [IT]).
(iv) ditw ® (1 — )z, ty ® (1 — t)2) < td(w,y) + (1 — t)d(x, z) (see []]).

(v) dltz @ (1 - )y, 528 (1 — s)y) < [t — s|d(z,y) (see []).

Lemma 2.14 ([19]). Every bounded sequence in a Hadamard space always has a

d
d
d
d

A-convergent subsequence.

Lemma 2.15 ([43]). Let C' be a nonempty, closed and convex subset of a
Hadamard space X and T:C' — C' be a generalized asymptotically nonspreading
mapping. Let {x,} be a bounded sequence in C such that {x,} A-converges to v
and lim,, o d(zp, Tx,) = 0. Then, Tv = v.

Lemma 2.16 ([32]). Let X be a Hadamard space, {x,} be a sequence in X and
—

x € X. Then {x,} A-converges to x if and only if limsup,, , (@, zy) < 0 for all

yeC.

Lemma 2.17 (Xu, [53]). Let {a,} be a sequence of nonnegative real numbers
satisfying the following relation:

An+1 < (1 - an)an + anon +Yn, N > 07

where (1) {an} C [0,1], D a, = oo; (ii) limsupo, < 0; (iii) v, > 0; (n > 0),
>S4 < 00. Then, an, — 0 as n — oo.

3. Main Results

Lemma 3.1. Let C be a nonempty, closed and convex subset of an Hadamard space
X and f:CxC — R be a bifunction such that Jywx exists for eachi=1,2,...,N
and XV > 0. Let {y,} and {x,} be bounded sequences in C such that

Yn = Jyon o Jyiv—ny 00 J @) 0 J @) Tn,

where {)\Sf)}, 1=1,2,...,N is a sequence such that 0 < )\Sf) < X9 for each i =
1,2,....,N andn > 1. If lim,,_,oc d(xp,yn) = 0, [ is monotone and ﬂfvzl F(Jyo») #
0, then lim,_, o0 d(Jy@) Tn,xs) =0, for eachi =1,2,...,N.

2150058-9
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Proof. Let v € ﬂl 1 F(Jyw) and set u = Jy 1)un , foreach i =1,2,... N,

where u$}) = Ty, for all n > 1. Then, wNtY = Yn- Thus, by Lemma 2121 ),
obtain

d*(ul) utYy < d?(v,ul)) — d* (v, ulitY),

which implies
N
S () ultV) < (v, 2,) — d (v, ulNHD)
=1

< [d(v, yn) + d(Yn, 2n)]* — d* (v, yn)
= d*(xn, yn) + 2d(Tn, yn)d(v,yn) — 0 as n — oco.
Thus,
lim d(u?,ui*Vy=0, i=1,2,...,N. (3.1)

n—oo

From ([BJ) and by triangle inequality, we obtain for each i = 1,2,..., N that
lim d(z,,ulTY) =0. (3.2)

n—oo

Since 0 < )\Sf) < A9 for all n > 1, we obtain by Lemma 2I2(ii) and BI) that
du®, Jyou®) < 2d(w, J mul?) -0, asn—o0, i=1,2,...,N. (3.3)

n oYy
Again, since Jy is nonexpansive for each i = 1,2,..., N, we obtain from (&I
and (B2) that
d(J i) T, JA(i)uS)) < d(Jyw @p, J)\(i)u( ) d(J, +1) J)\(z)u( ))
< d(p, ul) + d(u (1+1),u(1)) —0, asn—oo. (3.4)

n

From B1) to (34]), we obtain
d(Jxiy T, Tn) < d(Jnr Ty Ty ul?) + d(Jyou®, ul) 4+ d(u?, ulFD)
+d@wli*V 2,) =0, asn — oc.
That is,

lim d(Jy@o Tpn,xn) =0, i=1,2,...,N. O

n—oo
We now present our strong convergence theorems.

Theorem 3.2. Let C' be a nonempty, closed and convexr subset of an Hadamard
space X and f;:C x C — R, ¢+ = 1,2,....N be a finite family of cyclic
monotone bifunctions satisfying P1, P2 and P3. Let T:C — C be a uni-
formly L-Lipschitzian generalized asymptotically nonspreading mapping which is
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also asymptotically reqular, and g be a contraction mapping on C with coefficient

€ (0,1). Suppose that T' := ﬂf\;1 EP(f;,C)N F(T) # 0 and for arbitrary x; € C,
the sequence {x,} is generated by

yn =J, o v-yo---0J 2 0J 1)Tn,

{ n )\n >\n >\n >\n n (35)

Ty = Qng(yn) ® (1 — an)T"Yn, n>1,

where 0 < A% <MDV >14=1,2....N and {a,)} is in (0,1) satisfying the
following conditions:

(1) limy, oo an =0 and 07 | o, = 00,
(i) L<(1—apy)/(1—a).

Then, {x,} converges strongly to w € T' which solves the variational inequality

e

(wg(w),uw) >0, Yuel. (3.6)

Proof. Step 1. We show that (3.3 is well defined. By Remark 2.8 we have that
Jx, v exists for all x € C. Let Spa,, 1= J)\SLN) o JAiN—l) 0---0 ‘]AS?) o J)\g)a:n, then it
follows from Remark 2.11] that S,, is nonexpansive for all n > 1. Now, define the
mapping 19 : C' — C as follows:

TIx = ang(Spx) ® (1 — ap)T" Spa.
Since T is uniformly L-Lipschitzian, we obtain from Lemma [ZT3(iv) that
d(TJz, Ty) < and(9(Sn), 9(Sny)) + (1 — an)d(T" Sy, T" Sny)
< yand(Spx, Spy) + (1 — ap)Ld(Spz, Spy)
< (yon + (1 — an) L)d(z, y),

which implies by condition (ii) that T'9 is a contraction for each n > 1. Therefore,
by Banach contraction mapping principle, there exists a unique fixed point x,, of
T9 for each n > 1. Hence, (B3 is well defined.

Step 2: We show that {z,} is bounded. Let v € T, then by Remark 2TI we
obtain that v = J v for each ¢ = 1,2,..., N. Thus, v = Syv. Again, since T is
generalized asymptotically nonspreading, we obtain that

(1= g(v)d*(v, T"yn) < f(0)d*(v,yn),
which implies that
d(v, T"yn) < d(v, yn), (3.7)

since 0 < f(v) +g(v) < 1.

2150058-11
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1 Thus, by B3] and Lemma 2T3(i), we obtain

d(xnav) < and(g(yn),v) + (1 - an)d(T"yn,v)

< an7d<yna U) + and(g<v)7 v) + (1 - an)d(yn» v)

< (1= an(l =7))d(zn, v) + and(g(v),v), (3.8)

2 which implies that
d
sy < A00)0)
L—=n

3 Thus, {x,} is bounded. Consequently, {y,} {T"y,} and {g(y,)} are all bounded.
4 Step 3. We show that lim, e d(Jyi)Zn,zn) = 0 = lim, oo d(Yn, TYn), @ =
5 1,2,...,N.
6 From (3.3]), we obtain

d(Tp, T"yn) = d(ang(yn) © (1 — an)T"yn, T"yn)

< and(g(yn), T"yn) — 0, asn — co. (3.9)
7 Again, from Lemma [ZT3|(ii) and ([B.7), we obtain
d*(xn,v) = d*(ang(yn) ® (1 = an)T"Yn, v)

< and®(g9(yn), v) + (1 = on)d*(T"yn, v)

< and*(g(yn),v) + (1 — an)d? (yn, v). (3.10)
8 Let ul'™ be as defined in the proof of Lemma B] then by Lemma ZT2(i), we
9 obtain for each i = 1,2,..., N that
P WY v) < d?(u?,v) — d(u?, uFD). (3.11)
10 For i = N, we obtain from BI0) and (3IT]) that

& (25,0) < and®(gyn),v) + (1 = an)d* (u ), 0)
< and®(g(yn),v) + (1 = a)d® (i), v) = (1 = ay)d® (@i, ufN V)

n

< and*(g(yn),v) + (1 = ap)d* (w0, v) — (1 - an)dQ(UszN)»ngN+1))
= an(d2<g(yn)vv) - dQ(LL'n’U)) + d2(.’L'n,U) - (1 - an)d2<u51N)vugzN+1))a
11 which implies by condition (i) that

lim @ (ulM), uNFD) = 0. (3.12)

n—oo

2150058-12
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1 Similarly, from BI0) and BII]), we obtain for i = N — 1 that
d*(@n11,0) < and®(g(yn),v) + (1 = an)d (", v)
< and®(g(yn),v) + (1 = an)d (ui¥ =Y, 0) = (1 = an)d? (w1, ulV)

< d*(g(yn)sv) + (1 = an)d (@, 0) — (1 = an)d® (Wi, ulV),

2 which implies by the condition of (i) that
lim_ (N uN)y = 0. (3.13)
3 Continuing in this manner, we can show that
lim_ du® witYy =0, i=1,2,...,N -2, (3.14)
4 which together with (12]) and BI3)) yields
Jim du? Yy =0, i=1,2,...,N. (3.15)
5 From (BI3)), and applying triangle inequality, we obtain for each ¢ = 1,2,..., N,
6 that
lim_ d(zp, ul) = 0. (3.16)
7 In particular, for i = N, we have
nlirgo d(xn,yn) = 0. (3.17)
8 Thus, we obtain from Lemma [3.1] that
nlingo () ZTnyxpn) =0, i=1,2,...,N. (3.18)
9 Furthermore, we obtain from [B3) and BI7) that
nh_)H;o A(Yn, T"ypn) = 0. (3.19)
10 By the asymptotic regularity of T', we obtain

d(ynv Tyn) < d(yru Tnyn) + d(T"ym Tn+1yn) + d(T"Hym Tyn)

< (14 LYd(yn, T"yn) + d(T" y,, T™y,) — 0, asn — oco.  (3.20)

11 By the boundedness of {x,, }, we obtain from Lemmal[2T4] that there exists a subse-
12 quence {x,, } of {2, } which A-converges to w. It then follows from the boundedness
13 of {y,} and (BIT) that there exists a subsequence {y,, } of {y,} which A-converges
14 to w. Thus, from BI]), B20), and Lemma 2TH we obtain that w € T".
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1 Step 4. We now show that {z,,} converges strongly to w. Since {y,, } A-converges
to w € I', we obtain by Lemma [2.16] that

klim (g(w)w, yp, w) < 0. (3.21)
3 Also, by Lemma 2T3(iii) and (33]), we have

& (2, w) = d*(ang(yn) & (1 — an)T"yn, w)
< apd®(g(yn), w) + (1 = ap)d*(T"yn, w)
+ 200 (1 = ) {g(yn )0, T"g0)
< apd*(g(yn), w) + (1 = an)d?(yn, w)

_— — —

+2an (1 = an)[(9(yn)w, T"Ynyn) + (9(Yn)g(w), ynw) + {g(w)w, ynw)]
< and®(g9(yn), w) + (1 = an)d? (yn, w)

R

+ 20 (1 = ) (9 )10, T Yg) + 72 (g, w) + (g(w)0, gt0)]
< [(1 - an) + 270‘71(1 - O‘n)]dQ(xnv w) + an[andQ(g(yn), w)

n -
+2(1 = ) d(T" Y, yn)]d(g(yn), w) + 20 (1 = an ) (g(w)w, ynw).
(3.22)
4 Therefore,
2 _ n
d* (2, w) < [and®(g(yn), w) + 2(1 — an)d(T"Yn, yn)]d(g(yn), w)
[1 - 27(1 - an)]
-
2(1 — an){g(w)w, ynw)
: (3.23)
[1 - 27(1 - an)]
5 which implies from condition (i), (3I9) and [B21]) that
klim d*(xp,,w) = 0.
6 Therefore, limy_, o 2, = w.
7 Step 5. Lastly, we show that w is a solution of ([B.0]). From Lemma ZT3|ii) and
8 B3), we obtain for all u € T that

d2(wma u) < amd (9( m)yu) + (1 — am)d2(Tmym,u)
am(l — Qi )d ( ( m )y T Ym)
d*(9(ym), u) + (1 — am)d(@m, u)

(

— (1 — ap)d (( m)s T Ym),

< 2

2150058-14
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which implies
d* (2, u) < d*(g(ym), v) = (1 = cim)d* (9(Ym), T ym).
Thus, taking limit as m — oo, we obtain
d*(w,u) < d*(g(w), u) — d*(g(w), w).

Hence,
(g ), w) = S((g(w),w) — P(w,u) — & (g(w),w)) >0, YueT.

Therefore, we have that w solves the variational inequality (3.4]).
Now, assume that {x,, } A-converges to u. Then, by the same argument, we
obtain that u € T" solves the variational inequality (B.6). That is,

—_ N e —

(ug(u),uw) < 0. Also, <wg(w),m> <0.

Now, adding both, we get

0> (wg(w), wu) — (ug(u), wa)
— (wg(u), wa) + (g(w)g(w), wu) — (e, wu) — (wg(w), wu)
— (wit, wa) — (g(u)g(w), uw)
> (wu, wu) — d(g(w)g(w))d(u, w)
> d*(w, u) — yd*(u,w) = (1 = 7)d*(w, ),

which implies that d(w,u) = 0. Hence, w = u. Therefore, {x,,} converges strongly
to w, which is a solution of the variational inequality (B.6]). |

Corollary 3.3. Let C be a nonempty, closed and convex subset of an Hadamard
space X and T:C — C be a uniformly L-Lipschitzian generalized asymptotically
nonspreading mapping which is also asymptotically regular. Let g be a contraction
mapping on C with coefficient v € (0,1). Suppose that F(T) # O and for arbitrary
x1 € C, the sequence {x,} is generated by

Tp = @ng(xn) ® (1 — )T xy,, n>1, (3.24)
where {a, } is in (0,1) satisfying the following conditions:

(1) limy oo an =0 and 307 | ay, = 00,
(i) L <(1—apy)/(1— o).

Then, {x,} converges strongly to w € F(T) which solves the variational inequality

-

(wg(w),uw) >0, Yue F(T). (3.25)
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Corollary 3.4. Let C' be a nonempty, closed and convex subset of an Hadamard
space X and f;:C xC — R, i =1,2,...,N be a finite family of cyclic monotone
bifunctions satisfying P1, P2 and P3. Let g be a contraction mapping on C with
coefficient v € (0,1). Suppose that T’ := ﬂfil EP(f;,C) # 0 and for arbitrary
x1 € C, the sequence {x,} is generated by

= oJ (n-1)0---0 oJ.mx
{y" A 2N =D AP O AD T (3.26)

Tn = ong(Yn) ® (1 —an)yn, n>1,

where 0 < A < XD V¥n>1i=1,2,...,N, and {a,} is in (0,1) satisfying the
following conditions:

(1) limy, oo p =0 and Y07 | ay, = 00,
(i) L<(1—any)/(1— o).

Then, {x,} converges strongly to w € T which solves the variational inequality (B6]).

Theorem 3.5. Let C' be a nonempty, closed and convexr subset of an Hadamard
space X and f;:C xC — R, i =1,2,...,N be a finite family of cyclic monotone
bifunctions satisfying P1, P2 and P3. Let T:C — C' be a nonexpansive mapping
and g be a contraction mapping on C with coefficient v € (0,1). Suppose that
.= ﬂf\;l EP(f;,C)NF(T) # 0 and for arbitrary x1 € C, the sequence {x,} is
generated by

Yn =J o w-po--r0d @ 0J )Ty,
{ An A At A (3.27)

Tp41 = ang(yn) S (1 - an)Tyna n > 17

where 0 < )\55) <MD V¥n>14i=1,2,...,N, and {a,} is in (0,1) satisfying the
following conditions:
(1) limy,—oo vy =0 and Y .7 | ay, = 00,

(i) ZZO:l lotn — any1| < oo,

0 ) .
(i) Yoo, (/1= o )<oo,i=1,2,...,N.

Then, {x,} converges strongly to w € T.

Proof. First, we show that {z,} is bounded. Let v € T', then by B27) and
Lemma [2T3(i), we obtain

d(xn-i-lav) < and(g(yn),v) + (1 - an)d(Tyn»U)
< an7d<yna U) + and(g<v)7 U) + (1 - an)d(yn» U)
< (1= an(l =9)d(@n,v) + and(g(v),v)

A
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< max{d(wmv% %)'yv)}

g;ax{dm,v),w}.
(3.28)

Thus, {x,} is bounded. Consequently, {y,}, {Tyn} and {g(y,)} are all bounded.
Next, we show that lim, oo d(2pn, Tp41) = 0.
Let u(iﬂ) be as defined in the proof of Lemma 3.l We may assume without loss
of generality that /\5;)_1 < /\55), i=1,2,...,N, n > 1. Thus, by Lemma 2T2(ii),
we obtain

g~ W N

(@), ul ) < d(J

» Up—1 /\mugl),:]/\(z)ufl) 1) +d(J/\$j)uS)71’J/\S),1uS)*1)

< d()uy) ) + gy Ty ug)

n—1°

n— f)aJw 1>uf{711))

<d(J)\(z 1)u( 1),J i— 1)u( ))+d<J z 1)u(

)\(

(i=1)

n—1

,J/\(I 1)u(l 1))

x d(u =D N ])ufl . (3.29)

n—1 s
6 Again, we obtain from 217) and Lemma 213 that
d(@nt1,7n) = d(ang(yn) ® (1 = an)Tyn, an-19(yn-1) & (1 = an—1)Tyn-1)
< d(ang(yn) & (1 — an)Tyn, ang(yn-1) & (1 — an)Typn-1)
+d(ang(yn—1) & (1 = on)Tyn—1,0n-19(yn-1) ® (L = on-1)TYn1)
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< and(9(Yn),9(Yn—1)) + (1 — an)d(Tyn, Tyn—1)
+ lon — an-1]d(g(yn-1), TYn-1)
< (L= an(l = )dYn: yn—1) + [ — an—1|d(g(yn—1,Tyn-1).
(3.30)
1 For i = N, we obtain from (329) and (3.30) that

N-1

d(Xps1,2n) < (1 — an(l =) [d(@n, xno1) +

=0
j))

(N—j) (N-—
X d(un_l s JA;J\LIj)un_l

+lan — an—1ld(g(Yn—1), Tyn-1)
< (1= an(l =9)d(@n, Tn—1) + |an — an—1]d(g(yn-1), TYn-1)

s AN (N—3) (N—j)
" . (AZ§?J>) At Iyt ™)
j=0 n

< (1 —an(l=9))d(zn, xn-1) + |on — an-1]d(g(Yn—1), Tyn—1)

N-1 (N—3)
A
+ 1- (Z%J)) M, (3.31)
j=0 (A7)
) where M := SUpnzl{Z;y:_ol d(ufﬁ}j),Jkglwfj)ufﬁzj))}. Thus, using conditions (i)—
3 (iii) of Theorem and Lemma 217 in (331]), we obtain that
lim d(xpy1,2,) =0. (3.32)
4 We now show that lim, oo d(Jyo) Zn,2n) =0, ¢ = 1,2,..., N, and lim,—cc d(yn,
5 Tyn) = 0.
6 We obtain from ([B27)) that
d(wnt1, Tyn) = d(ang(yn) & (1 = an)Tyn, Tyn)
< and(g(yn), Tyn) — 0, asn — oo. (3.33)
7 Also, from Lemma 2T3(ii), we obtain

d? (Tnt1,v) = d? (ng(yn) @ (1 — an)Tyn, v)
< and*(g(yn),v) + (1 — a)d*(Tyn, v)
< and2<g(yn)»v) + (1 - an)d2<ynav)' (3'34)
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1 By Lemma [ZT2(i), we have
& (ul ™) 0) < dP(ufl),v) = & (uf) ul ™). (3.35)
2 For i = N, we obtain from (34]) and (335 that

B (2011, 0) < and®(g(yn),v) + (1 — an)d® (@M, v)
< and®(glyn),0) + (1 — an) (@, 0) — (1 — an)d? (W), uf¥+D)
< and®(g(yn),v) + (1 — an)d*(zn,v) — (1 — ay)d? (Ul uN+D)
— an(d? 2(20,0)) + (@, 0) — (1 — ap)d2 (@) 4 (V+D)
22, 0)) + d* (T, Trt1)

+2d(xp, Tpi1)d(Tpy1,v) + d*(Tpy1,0)

(= an)d @, u )

3 which implies from ([B.32]) and condition (i) of Theorem .5 that
lim_ d?(utN) Ny = 0. (3.36)
4 Similarly, from B.34]), (333), 3:32) and condition (i) of Theorem B35 we can show
5 that
lim. du®, ui*Y)y =0, i=1,2,...,N. (3.37)
6 From ([B37), and applying triangle inequality, we obtain for each ¢ = 1,2,..., N,
7 that
lim d(2y, ul) = 0. (3.38)
8 Thus, for ¢ = N, we have
nlLII;O d(xn,yn) = 0. (3.39)
9 Therefore, applying Lemma [3.I], we obtain
nh_)H;o d(Jy@) Tpyxn) =0, i=1,2,...,N. (3.40)

10 Furthermore, we obtain from [B.33]), (332) and (839) that

nlirgo A(Yn,Tyn) = 0. (3.41)
11 Finally, we show that {z,} converges strongly to some point, say w € T".
12 By the same argument as in the proof of Theorem B2 we obtain that w € T’
13 and
_
Jim (g(w)i, ) < . (342)
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Using (332) and following similar argument as in the proof of Theorem 32 (Step 4),
we can show that

klim d*(x,, ,w) = 0.

Hence, limy_,o @y, = w. Therefore, {x,} converges strongly to w € T. O

By setting, N =1, T = I and g(z) = u for arbitrary but fixed u € C' and for
all z € C, we obtain the following corollary.

Corollary 3.6. Let C be a nonempty, closed and convex subset of an Hadamard
space X and f:C x C — R be a cyclic monotone bifunctions satisfying P1, P2
and P3. Suppose that EP(f,C) # (0 and for arbitrary x1,u € C, the sequence {x,}
s generated by

Tnt1 = uu® (1 — ), T, n>1, (3.43)
where 0 < A, <AVn >1 and {ay,} is in (0,1) satisfying the following conditions:
(1) limy, ooy =0 and Y7 | ay, = 00,
(i) 202 lan — anga] < o0,
e o0 )\n—l
(i) oo (y/1- G5) < oo

Then, {x,} converges strongly to w € EP(f,C').

4. Applications

In this section, we give applications of our results to some well-known optimization
problems. Throughout this section, X is an Hadamard space and C' is a nonempty
closed and convex subset X.

4.1. Minimaization problem
Definition 4.1. A function h:C — (—o0, 0] is called
(i) conver, if
hAz & (1 —Ny) < M(z) + (1= Nh(y) VYV, yeC, Ae (0,1),
(ii) proper, if D(h) # 0,

(iii) lower semicontinuous at a point x € D(h), if

h(z) <liminf h(z,), for each sequence

{z,} in D(f) such that lim z, = x.

n—oo

Moreover, h is said to be lower semicontinuous on D(h), if it is lower semicontinuous
at any point in D(h).
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Let h:C — R be a proper convex and lower semicontinuous function. The
minimization problem is to find a point 2 € C' such that

h(z) = 31618 h(u). (4.1)

We denote the set of solutions of problem () by argmin,cc h(u). Minimization
problems have been studied in Hadamard spaces by numerous authors (see for
example [2H4l 23] [41], [46]), as well as in p-uniformly convex metric spaces (see

[13] 251 50 [51] and the references therein).
Now, consider the bifunction fj :C x C' — R defined by

fulz,y) = h(y) — h(z), VYz,yeC.

It is known from [33] that EP(f,,C) = argmin,ec h, J){h = prox}, A > 0 and
D(prox) = X. Now, consider the following finite family of minimization problem
and fixed point problem:

Find z € F(T) such that h;(z) < hi(y), VyeC, i=1,2... N, (4.2)

where T is either a uniformly L-Lipschitzian generalized asymptotically nonspread-
ing mapping which is also asymptotically regular or a nonexpansive mapping. Thus,
by setting Jx, = prox, in either Algorithm (B.5) or Algorithm [B.21), we can
apply Theorem or Theorem (respectively), to approximate solutions of

problem (.2]).

4.2. Convex feasibility problem

Let C;,i=1,2,..., N be a finite family of nonempty, closed and convex subsets of
C such that ﬂfil C; # 0. A convex feasibility problem is defined as

N
Find z € F(T) such that x € ﬂ C;. (4.3)
i=1
We know that the indicator function §c: X — R defined by

0, ifx € C,
dc =

400, otherwise

is a proper, convex and lower semicontinuous function. Thus, by letting dc = h and
following similar argument as above, we obtain that J{éc = prox‘f\C = Pc. Therefore,
by setting J{; = P, i =1,2,...,N in either Algorithm or Algorithm [3.27]
we can apply either Theorem or Theorem to approximate solutions of

problem (3]).
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