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SOME FIXED POINT RESULTS FOR TAC-SUZUKI
CONTRACTIVE MAPPINGS

AKINDELE A. MEBAWONDU AND OLUWATOSIN T. MEWOMO

ABSTRACT. In this paper, we introduce the notion of modified TAC-
Suzuki-Berinde type F-contraction and modified TAC-(%), ¢)-Suzuki type
rational mappings in the frame work of complete metric spaces, we also
establish some fixed point results regarding this class of mappings and we
present some examples to support our main results. The results obtained
in this work extend and generalize the results of Dutta et al. [9], Rhoades
[18], Doric, [8], Khan et al. [13], Wardowski [25], Piri et al. [17], Sing et
al. [23] and many more results in this direction.

1. Introduction and preliminaries

Banach contraction principle [2] can be seen as the pivot of the theory of fixed
point and its applications. The theory of fixed point plays an important role
in nonlinear functional analysis and it is very useful for showing the existence
and uniqueness theorems for nonlinear differential and integral equations. The
importance of the Banach contraction principle cannot be over emphasized in
the study of fixed point theory and its applications. The Banach contraction
principle have been extended and generalized by researchers in this area by
considering classes of nonlinear mappings and spaces which are more general
than the class of a contraction mappings and metric spaces (see [1,7,10,14-16,
19,22] and the references therein). For example, Geraghty [11] introduced a
generalized contraction mapping called Geraghty-contraction and established
the fixed point theorem for this class of contraction mappings in the frame
work of metric spaces. We recall that for a metric space (X,d), a mapping
T:X — X is said to be an a-contraction if there exists a € [0,1) such that

(1.1) d(Tz,Ty) < ad(z,y), V z,y€X.
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Definition 1.1 ([11]). Let (X,d) be a metric space. A mapping T': X — X
is called a Geraghty-contraction mapping if

(1.2) d(Tz,Ty) < ¢(d(x, y))d(z,y)

for all z,y € X, where ¢ : Rt — [0, 1) satisfies the following condition:
o(tn) =1 as n—ooo=1t,—0 as n— oo.

The following is the result of Geraghty [11].

Theorem 1.2. Let (X,d) be a complete metric space and T : X — X be a
self map that satisfies condition (1.2). Then T has a unique fized point z* € X
such that for each x € X, lim,, oo T"x = x*.

Jaggi [12] introduced a class of contraction mappings involving rational ex-
pressions and proved some fixed point results for this class of mappings. Khan
et al. [13] introduced the concept of alternating distance function, which is
defined as follows: A function 1 : Rt — RT is called an alternating distance
function if the following conditions are satisfied:

(1) ¥(0) =0,
(2) 1 is monotonically nondecreasing,
(3) 4 is continuous.

They established the following result.
Theorem 1.3. Let (X,d) be a complete metric space, ¥ an altering distance

function, and T : X — X be a self mapping which satisfies the following
condition

(1.3) P(d(Tz,Ty)) < 5¢(d(z,y))
for all z,y € X, where 6 € (0,1). Then T has a unique fized point.

Remark 1.4. Clearly, if we take ¢(x) = z for all z € X in (1.3), we obtain
condition (1.1).

Using the concept of alternating distance function Rhoades [18], Dutta et
al. [9] and Doric [8] established some fixed points results for weak contraction
and generalized contraction mappings in the frame work of metric spaces. We
recall that for a metric space (X, d), a mapping T : X — X is said to be weakly
contractive if for all z,y € X

d(Tz,Ty) < d(z,y) — (d(z,y)),

¥ : [0,00) = [0,00) is continuous and nondecreasing such that (¢) = 0 if and
only if ¢t = 0.

Theorem 1.5 ([18]). Let (X,d) be a complete metric space and T a weakly
contractive map. Then T has a unique fized point.
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Theorem 1.6 ([9]). Let (X,d) be a complete metric space. Suppose the map-
pings T : X — X satisfying

(1.4) (d(Tz, Ty)) < P(d(z,y)) — dld(z,y))

for all x,y € X, where ¥, ¢ are alternating distance functions. Then T has a
fixed point.

Theorem 1.7 ([8]). Let X be a complete metric space and T : X — X be a
mapping satisfying the inequality

(1.5) P(d(Tz,Ty)) < p(M(z,y)) — ¢(M(x,y)),

where M(x,y) = max{d(z,y),d(z,Tx),d(y, Ty), %W}, Y an alter-
nating distance function and ¢ : [0,00) — [0,00) is a lower semi-continuous
function with ¢(t) =0 if and only if t = 0. Then T has a unique fized point.

In 2008, Suzuki [24] introduced the concept of mappings satisfying condition
(C) which is also known as Suzuki-type generalized nonexpansive mapping and
he proved some fixed point theorems for such class of mappings.

Definition 1.8. Let (X, d) be a metric space. A mapping T': X — X is said
to satisfy condition (C) if for all z,y € X,

5@, Tr) < d(,y) = d(Tr, Ty) < d(z,y).

Theorem 1.9. Let (X,d) be a compact metric space and T : X — X be a
mapping satisfying condition (C) for all x,y € X. Then T has a unique fizved
point.

Furthermore, Berinde [4,5] introduced and studied some class of contrac-
tive mappings, in particular he gave the definition for a mapping been almost
contractive as follows:

Definition 1.10. Let (X, d) be a metric space. A mapping 7" : X — X is said
to be a generalized almost contraction if there exist a constant ¢ € [0,1) and
L > 0 such that

d(Tz,Ty) < dd(z,y) + Lmin{d(z, Tz),d(y, Ty),d(z, Ty),d(y, Txz)}
for all z,y € X.
Recently, Sing et al. [23] obtain the following result.
Theorem 1.11. Let X be a complete metric space and T : X — X be a
mapping satisfying the inequality
Sl Ta) < d(z, ) = W(d(Tr, Ty)) < G(M(z,y)) ~ 6(M(z,))

where M (z,y) = max{d(z,y),d(z, Tz),d(y, Ty), W}, ¥ :[0,00) —
[0,00) is continuous, nodecreasing and (t) = 0 if and only if t = 0 and
¢ :[0,00) = [0,00) is a lower semi-continuous function with ¢(t) = 0 if and
only if t =0. Then T has a unique fived point.
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In [26] Yan et al. proved the following result in the fame work of partially
ordered metric spaces.

Theorem 1.12. Let (X, <) be a partially ordered set and suppose that there
exists a metric d such that (X,d) is a complete metric space. Let T : X — X
be a continuous and nondecreasing mapping such that

P(d(Tz,Ty)) < ¢(d(x,y))
for all x > y, where ¢ is an alternating distance function and ¢ : [0,00) —

[0,00) is a continuous function with condition ¥ (t) > ¢(t) for all t > 0. If
there exists xg € X with xg < Txg, then T has a fixed point.

Lemma 1.13 ([26]). If ) is an alternating distance function and ¢ : [0, 00) —
[0,00) is a continuous function with condition (t) > ¢(t), then ¢(0) = 0.

In 2012 Wardowski [25] introduced the notion of F-contractions. He defined
F-contraction as follows:

Definition 1.14. Let (X, d) be a metric space. A mapping 7" : X — X is said
to be an F-contraction if there exists 7 > 0 such that for all z,y € X;

(1.6) d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)),

where F': RT — R is a mapping satisfying the following conditions:
(Fy) F is strictly increasing;
(Fy) for all sequence {a,} C R,
lim,, o @, = 0 if and only if lim, . F(ay,) = —oc;
(F3) there exists 0 < k < 1 such that lim,_,o+ o*F(a) = 0.

He also established the following result.

Theorem 1.15. Let (X, d) be a complete metric space and T : X — X be an
F-contraction. Then T has a unique fized point x* € X and for each g € X
a sequence lim, ., T™xy = x*.

Remark 1.16. If we suppose that F(t) = Int, an F-contraction mapping be-
comes the Banach contraction.

Secelean [21] established the following lemma.
Lemma 1.17. Let F : R™ — R be an increasing mapping and {an} be a
sequence of positive integers. Then the following assertion hold:
(1) if limy, o0 F'(ay) = —00, then lim,, o ay = 0;
(2) if inf F' = —o0 and lim,, oo ay, = 0, then lim,, oo F(a,) = —o0.
He replaced the condition Fy with the following condition.
(Fy) inf F = —o0 or,
(Fi«) there exists a sequence {«,} of positive real numbers such that

lim F(ay,) = —oc.
n—oo
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In [17] Piri et al. introduced the continuity condition to replace (F3). That
is (F3+«) F is continuous on (0, c0). He established the following result.

Theorem 1.18. Let X be a complete metric space and T : X — X be a
selfmap of X. Assume that there exists T > 0 such that for all x,y € X with
Tz #Ty,

%d(m,Tx) <d(z,y) =717+ Fd(Tz,Ty)) < F(d(z,y)),

where F': Rt — R is continuous strictly increasing and inf F' = —oo. Then T
has a unique fized point z € X and every x € X, the sequence {T"x} converges
to z.

We denoted by F the family of all functions F' : Rt — R which satisfy
(F1), (Fy) and (F3+).

In 2016, Chandok et al. [6] introduced the concept of TAC-contractive map-
pings and established some fixed point results in the frame work of complete
metric spaces.

Definition 1.19. Let T : X — X be a mapping and let o, 8 : X — RT be
two functions. One can say T is a cyclic («, 8)-admissible mapping if

(1) a(x) > 1 for some z € X implies that S(Tz) > 1,

(2) B(x) > 1 for some = € X implies that a(Tx) > 1.

Definition 1.20. Let (X,d) be a metric space and let a, 5 : X — [0,00) be
two mappings. We say that T is a TAC-contractive mapping if for all z,y € X
with
a()B(y) = 1= Y(d(Tz,Ty)) < f(Y(d(z,y)), o(d(z,9))),

where 1 is a continuous and nondecreasing function with (0) = 0 if and
only if ¢ = 0, ¢ is continuous with lim, . ¢(t,) = 0 = lim, . t, = 0 and
f:[0,00)2 = R is continuous, f(a,t) <a and f(a,t) =a —a=0ort =0 for
all s,t € [0,00).

Theorem 1.21. Let (X,d) be a complete metric space and let T : X — X
be a cyclic («, B)-admissible mapping. Suppose that T is a TAC contraction
mapping. Assume that there exists xo € X such that a(xo) > 1, 8(x0) > 1 and
either of the following conditions hold:

(1) T is continuous,
(2) if for any sequence {x,} in X with B(x,) > 1 for alln >0 and z,, =
as n — oo, then f(x) > 1.
Moreover, if a(x) > 1 and 5(y) > 1 for all x,y € Fix(T), then T has a unique
fized point.

Lemma 1.22 ([3]). Let (X,d) be a metric space. Let {x,} be a sequence in
X such that lim, 00 d(@n, Tpt1) = 0. If {x,} is not a Cauchy sequence, then
there exist an € > 0 and sequences of positive integers {ny} and {my} with
ng > myg > k such that d(my,ng) > €. For each k > 0, corresponding to
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my, we can choose ny, to be the smallest positive integer such that d(my,ng) >
e, d(my,ng—1) < € and

(1) limg— oo d(Zn,,, Ty, ) = €,

(2) img—oo d(Tmy_y ) Tny,) = €,

(3) limg—so0 d(Tmy_y»Tny ,) = €.
Remark 1.23. Using similar approach as Lemma 1.22, we get that

lim d(z T =€
k?—)OO ( NEk+19 mk+1)

and

len;C A(Tny, Timyyy) = €

Motivated by the research works described above, our purpose in this pa-
per is to generalize the results of Rhoades [18], Dutta et al. [9], Doric [§],
Samet et al. [20], Sing et al. [23] and Yan et al. [26], by introducing a modified
TAC-Suzuki-Berinde type F-contraction and modified TAC-(v, ¢)-Suzuki type
rational mappings in the frame work of complete metric spaces.

2. Main result
2.1. TAC-Suzuki-Berinde-F contraction type mappings

In this section, we introduce the notion of TAC-Suzuki Berinde-F contraction
type mapping and established the existence and uniqueness results of the fixed
point for this class of mappings.

Definition 2.1. Let (X, d) be a metric space, a, 3,9 : X — [0,00) be three
functions and 7" be a self map on X. The mapping T is said to be a cyclic
(o, B)-admissible mapping with respect to ¢ if

(1) a(z) > ¢(z) for some z € X implies that B(T'z) > ¢(Tx),

(2) B(x) > p(x) for some x € X implies that a(Tz) > ¢(Tx).
Remark 2.2. We note that if ¢(x) = 1, then the definition reduces to Definition
1.19.

Definition 2.3. Let (X, d) be a metric space, a, 3,9 : X — [0,00) be three
functions and T be a self map on X. The mapping T is said to be a TAC-
Suzuki-Berinde-F contraction type mapping if

a(r)B(y) > ¢(z)p(y) and
(2.1) %d(:c,ch) < d(z,y)
=T+ F(d(T‘rva)) S F(d(ﬂf»y)) +LN(£L'7y) A X,y € ){7

where 7 > 0,L > 0, N(z,y) = min{d(z,Tz),d(y, Ty),d(y, Tx),d(x,Ty)} and
F eF.
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Definition 2.4. Let (X,d) be a metric space, o, 3, : X — [0,00) be three
functions and T be a self map on X. The mapping T is said to be a TAC-
Suzuki-F contraction type mapping if

a(z)B(y) = ¢(x)e(y) and
(2.2) Sla, Tr) < d(z,y)
=74+ F(d(Tx,Ty)) < F(d(z,y)) V 2,y € X,
where 7 > 0 and F € F.
Theorem 2.5. Let (X,d) be a complete metric space and T : X — X be a

TAC-Suzuki-Berinde-F contraction type mapping. Suppose the following con-
ditions hold:

(1) T is a cyclic («, B)-admissible mapping with respect to ¢,

(2) there exists xg € X such that a(xg) > @(x0) and B(xo) > ¢(xo),

(3) T is continuous,

(4) if for any sequence {x,} in X with B(x,) > @(xy,) for alln > 0 and

T — T asn — 00, then f(z) > ¢(x).

Then T has a fized point.
Proof. From our hypothesis, there exists o € X such that a(zg) > ¢(zg) and
B(xo) > ¢(xg). We define a sequence {x,} by x, 41 = Ty, for all n € NU{0}.
If we suppose that z, 11 = x,,, we obtain the desired result. Now, suppose that
Tpt1 7 Tp for alln € NU{0}. Since T is a cyclic («, §)-admissible mapping with
respect to ¢, and a(zg) > ¢(zo), we have S(z1) = 8(Tx0) > ©(Tzo) = p(x1)
and this implies that a(z2) = a(Tz1) > @(Tx1) = @(x2), continuing the
process, we have

(2.3) axar) > @(xar) and S(zakt1) > @(zar41) ¥V k € NU {0}.

Using similar argument, we have that

(2.4) B(xar) > w(x2r) and a(zakt1) > @(rar41) ¥V k € NU {0}.

It follows from (2.3) and (2.4) that a(x,) > ¢(z,) and B(z,) > @(x,) for

all n € NU{0}. Since a(z)B(znt1) = 0(@n)@(@ns1) and 3d(zy, Tx,) =
%d(xmxm_l) < d(zp,Tnt1), we have

25) T+ F(d(zpt1, Tnt2)) = 7+ F(d(Txy, T2ny1))

< F(d(zn, Tnt1)) + LN (2n, Tni1),

where

N(ajn; xn—‘rl) = min {d(a:n> $n+1)7 d(x7L+17 xn+2)7 d(I”, $n+1)7 d(x7L+17 xn+1)7 d(I”, $n+2)}
=0.

We then have that
T+ F(d(Tny1, Tny2)) < F(d(@n, Tny1))
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= F(d(@n41, Tni2)) < Fd(Tn, tni1)) — 7.

Using similar approach, we have that

T+ F(d(Zn, Tnt1)) < Fld(xn—1,2y))
= F(d(zn,n+1)) < F(d(zp-1,2,)) — 7.

Inductively, we have

(2.6) F(d(2n, Tnt1)) < F(d(zo,21)) — n7.

Since F' € I, taking the limit as n — oo, we have that

(2.7 nl;rgo F(d(zp,Tnt1)) = —00 & nth;O d(xp, Tpy1) = 0.

In what follows, we now show that {x,} is a Cauchy sequence. Suppose
that {z,} is not a Cauchy sequence, then by Lemma 1.22, there exist an € > 0
and sequences of positive integers {ny} and {my} with ng > my > k such that
d(mg,ny) > €. For each k > 0, corresponding to my, we can choose ny to be
the smallest positive integer such that d(mg,ng) > €, d(my,ng—1) < € and

(1) limg o0 d(Tpy,, Timyyy) = €,

(2) limg_yoo d(Tny, Tm,) = €,

(3) limg oo d(Timy_y s XTny,) = €,

(4) limg—soo d(Tmy_, s Tny,,) = €
Since a(zg) > ¢(x0) and S(zo) > w(xo), it is easy to see that a(zm,) > ¢(Tm,)
and B(zn,) > ¢(xy, ). Tt follows that a(@m,,)B(zn,) = ©(Tm, )o(xys, ) and we
can choose ng € NU {0} such that

1 1
id(xmk,Txmk) = 56 < ATy, Ty, )-

Hence, for all £ > ng, we have

T+ F(d(xmk+1 ) xnk+1)) =7+ F(d(Tzm,, Tn,))

(2.8) < F(d(xmmxnk)) + LN(‘rmk’x”k)’

where

N(‘ka’xnk) = min {d(xmk’xmk+1)7d(xnk’xnk+1)?d('rmk’xnk+1)’d(‘rnk7xmk+1)}'

Using Lemma 1.22, (2.7), (F5-) and taking the limit as k¥ — oo, we have
T+ F(e) < F(e) which is a contradiction, therefore we have that {z,} is
Cauchy. Since (X,d) is complete, it follows that there exists € X such that
lim,, o0 T, = T.

Suppose that T is continuous, we have that

z= lim z, = lim 2,47 = lim T2, =T lim =z, = Tx.
n—oo n— oo n— o0 n—oo

Thus, T has a fixed point.
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More so, using the condition that S(x,) > ¢(z,) for all n € NU {0}, we
obtain that 5(x) > ¢(x). We now establish that T has a fixed point. Now, we
claim that

1
§d($na anrl) S d(mna :C)

or

1
id(xn+1; xn+2) S d(anrla ZL’)

Suppose on the contrary that there exists m € NU {0}, such that

1
id(xm, :L'm+1) > d(xmv x),

(2.9) 1
§d(xm+1,:rm+2) > d(Tm1, ).
Now observe that
2d(m, ) < d(Tpm, Tmt1)
(2.10) < d(@m,x) + d(x, Tmag1)
= d(zm, ) < d(x, Tmt1)-

It follows from (2.9) and (2.10), we have
1
(2.11) d(Xm, ) < d(z,Tpmy1) < §d(1‘m+1,xm+2).

Since %d(xmwmﬂ) < Ay Tmp1) and (X)) B(Tmt1) = (Xm)p(Tmiy1) we

have that
piy TP E2) = 7 P Ta0)
( ' ) S F(d(xm; merl)) + LN(I’m,Z'm+1),

where
N (@, Tmt1) = min{d(@m, Tm+1), ATms1; Tmt2), ATms Tmr2), ATms1, Tmt1)}
=0.
It follows that
(2.13) T+ F(d(@m+1, Tmt2)) < F(d(Tm, Tmt1))-
Using the fact that F is strictly increasing, we have that
A(Tmt1, Tmy2) < A(Tm, Timg1)-
Using this fact, (2.9) and (2.10), we have
d(@mt1, Tm2) < A(Tm, Tmy1)
< d(xm,x) + d(T, Tmi1)

1 1
(2.14) < id(merlvmerZ) + §d($m+1, Timy2)

= d(Tmi1; Tmy2),
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which is a contradiction. Thus we must have that

1
id(xna xn+1) < d(xm z)

or

%d($n+1, Tpi2) < d(Tpt1,T).
Thus, we have
7+ F(d(zps1,Tx)) =7+ (d(Txpn, T2)) < F(d(zp,x)) + LY(N(2,9)),
where
N(zp,x) = min{d(z,, Tz,),d(z,Tz),d(x, Tz,),d(z,, Tx)}.
Using (F) and Lemma 1.17, we have
lim F(d(Tx,,Tx)) = —0c0

n—oo

so that
lim d(Tx,,Tx)=0.

n—oo
Now, observe that

d(z,Tz) = li_>m d(zp41,Tx) = lim d(Tz,,Tz) = 0.

n—o0

Clearly,
dz,Tz) =0=z =Tx. O

Theorem 2.6. Suppose that the hypothesis of Theorem 2.5 holds and in addi-
tion suppose a(x) > p(x) and B(y) > p(y) for all xz,y € F(T), where F(T) is
the set of fized point of T. Then T has a unique fized point.

Proof. Let x,y € F(T), that is Tx = x and Ty = y such that x # y. Using our
hypothesis that a(z) > o(z), 8(y) > ©(y), we have a(z)B(y) > o(z)p(y) and
1d(z,Tz) = 0 < d(z,y), which implies that

F(d(z,y)) = F(d(Tz,Ty)) <7+ F(d(Tz,Ty)) < F(d(z,y)) + L (N(z,y))
= F(d(z,y)) < F(d(z,y)),
which is a contradiction, thus 7" has a unique fixed point. O

Theorem 2.7. Let (X,d) be a complete metric space and T : X — X be
a TAC-Suzuki-F contraction type mapping. Suppose the following conditions
hold:

(1) T is a cyclic («, B)-admissible mapping with respect to ¢,

(2) there exists xg € X such that a(xg) > @(x0) and B(xo) > ¢(zo),

(3) T is continuous,

(4) if for any sequence {x,} in X with B(x,) > @(xy,) for alln > 0 and

T — T asn — 00, then f(z) > ¢(x).

Then T has a fized point.
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Proof. The proof follows similar approach as in Theorem 2.5. O

Using Remark 2.2, we obtain the following result.
Corollary 2.8. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the inequality
al@)B(y) > 1 and

(2.15) %d(x,Ta:) < d(z,y)
=7+ F(d(Tz,Ty)) < F(d(z,y)) + LN(z,y) V z,y € X.

Suppose the following conditions hold:

(1) T is a cyclic («, B)-admissible mapping,

(2) there exists xg € X such that a(xg) > 1 and f(zg) > 1,

(3) T is continuous,

(4) if for any sequence {x,} in X with B(x,) > 1 for alln >0 and z,, =
as n — oo, then B(x) > 1.

Then T has a fized point.
Corollary 2.9. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the inequality

a(x)fly) >1 and

(2.16) Sl To) < d(z,y)
= 7+ F(d(Tz,Ty)) < F(d(z,y)) V z,y € X.

Suppose the following conditions hold:

(1) T is a cyclic («, B)-admissible mapping,

(2) there exists xg € X such that a(xg) > 1 and (zg) > 1,

(3) T is continuous,

(4) if for any sequence {xy} in X with f(x,) > 1 for alln >0 and z, — x
as n — oo, then B(x) > 1.

Then T has a fized point.

Example 2.10. Let X = [0,00) with the usual metric d(z,y) = |z — y|. We
defined T': X — X by

T = 5 if xel0,1],
© 4z if z e (1,00),

2 if z€l0,1],
0 if ze(1,00),
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- [15 i 2,
LA ERT: x € (1, 00),

and F(t) = =% +¢. Thus T satisfy condition in Theorem 2.6 and that T is a
TAC-Suzuki Berinde-F contraction.

Proof. Clearly, for any = € [0, 1], we have that a(x) > ¢(x), B(x) > ¢(z) and
Tx = {5, we also have that «(Tx) > o(T'z) and B(T'z) > ¢(Tx). Clearly T is
a cyclic («, 8)-admissible mapping with respect to ¢. For any xg € [0,1], we
have that a(zg) > ¢(zo) and B(xo) > @(xo). Let {x,} be a sequence in X with
B(xy) > ¢(xy,) for all n € NU {0} and z,, — x as n — oo, using the definition
of 8, we must have that {z,,} C [0,1] and thus = € [0,1]. Hence B(x) > ¢(z).
Since B(x)a(y) > o(x)e(y) if z,y € [0, 1], we need to show that T" is a TAC-
Suzuki Berinde-F contraction for any z,y € [0,1] with 3d(z, Tz) < d(z,y). Let
x,y € [0,1] and without loss of generality, we suppose that < y. We then
have that d(z,Tx) = 3|z — 5| = L. Thus for 3d(z,Tz) < d(z,y), we must
have that % <wy. For 7 =1and L > 2, it is easy to see that

T+ F(d(Tz,Ty)) < F(d(x,y)) + LN (x,y)

thus T satisfy all the hypothesis of Theorem 2.6, and x = 0 is the unique fixed
point of T. O

Remark 2.11. We note that Theorem 1.18 and Definition 1.8 is not applicable
to the above example. To see this, observe that for x = 0 and y = 4, we have
that

1
id(x,Tx) =0<4=d(x,vy)

but
1
T+ F(d(Tz, Ty)) =1+ F(16) =1 +16 — 7=
1
>4 =F(4) = F(d(x.y)).
Also,

d(Tz,Ty) =16 > 4 = d(z,y).

Furthermore, the above example is not applicable to Theorem 1.15, to see this
observe that for x = 0 and y = 4, we have that

d(Tz, Ty) =8>0

but
T+ Fd(Tz, Ty)) =1+ F(16) =1+ 16 — 1—16
>4 — 1 =F(4) = F(d(z,y)).

4
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2.2. TAC-(v, ¢)-Suzuki type rational contraction mappings

In this section, we introduce the notion of TAC-(¢, ¢)-Suzuki type rational
contraction mapping and established the existence and uniqueness results of
the fixed point for this class of mappings.

Definition 2.12. Let (X, d) be a metric space, «, 3, : X — [0,00) be three
functions and T be a self map on X. The mapping T is said to be a TAC-
(1, ¢)-Suzuki type rational contraction mapping, if

a(r)B(y) > p(z)p(y) and
(2.17) %d(:me) < d(z,vy)

= Y(d(Tz, Ty)) < ¢(M(x,y)) + Lp(N(z,y))

forall z,y € X, where L > 0, 1 is an alternating distance function, ¢ : [0, 00) —
[0, 00) is a continuous function,

M(z,y) = max {d(m, y),d(x, Tx),d(y, Ty), d(z,Ty) _g dly, T'z) ,
d(z, Tx)d(y, Ty) d(y, Tz)[1+ d(z,Tz)] } and
1+d(z,y) 1+d(z,y)
N(z,y) = min{d(z, Ty),d(z, Tz),d(y, Tz)}.

Theorem 2.13. Let (X,d) be a complete metric space and T : X — X be
a TAC-(v, ¢)-Suzuki type rational contraction mapping. Suppose the following
conditions hold:

(1) (t) > ¢(t) for allt >0,

(2) T is a cyclic (a, B)-admissible mapping with respect to ¢,

(3) there exists xg € X such that a(xg) > @(x0) and B(xo) > ¢(zo),

(4) T is continuous,

(5) if for any sequence {x,} in X with B(x,) > ¢(xy,) for alln > 0 and
Tp — X as n — 00, then B(x) > ¢(x).

Then T has a fized point.

Proof. From our hypothesis, there exists o € X such that a(zg) > ¢(zg) and
B(xo) > ¢(xg). We define a sequence {x,} by x, 1 = Tz, for all n € NU{0}.
If we suppose that z,11 = x,,, we obtain the desired result. Now, suppose that
ZTnt1 7 Tp for alln € NU{0}. Since T is a cyclic (o, §)-admissible mapping with
respect to ¢, and a(zg) > ¢(xo), we have S(z1) = 8(Tx0) > ©(Txzo) = p(x1)
and this implies that a(zs) = a(Tz1) > (Tx1) = @(xs2), continuing the
process, we have

(2.18) a(xar) > p(ror) and B(zak+1) > @(zaky1) V E € NU{0}.

Using similar argument, we have that

(2.19) B(xag) > w(xog) and a(zoy1) > @(zar11) V k € NU {0}
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It follows from (2.18) and (2.19) that a(z,) > ¢(x,) and B(x,) > ¢(z,) for
all n € NU{0}. Since a(z)B(nt1) = 0(@n)@(@ns1) and 3d(zp, Tx,) =

%d(xnvxﬂﬂrl) < d({En, xn+1)a we have

(220) Pl Ens2) = BT Tansr))
< (M (T, Tnt1)) + LY(N(Tn, Tnt1)),
where
M(zp, 2ny1) = max {d(xm Tni1), d(@p, Twy), d(Tng1, TTny),
d(zyn, Txng1) + d(@nt1,, Tan) d@n, Trp)d(@nt1, TThy1)
2 ’ 1 + d(l’n, anrl)

d(Tpi1, Txn)[1 + d(xn, Tzy)) }
1+ d(l‘n, mn+1)

)

= max {d(xna Tp1), AT, Tny1), d(Tnt1, Tnta),

d(frfwu xn+2) + d(xn+1,a zn—&-l) d(xvu xn+1)d(xn+17 JUn+2)
2 ’ 1 + d(xru anrl)
d<mn+1a $n+1)[1 + d(xnv xn+1)] }
1+ d(l‘n, xn-i—l)

)

d(xnv I‘n+2)

= maX{d(xnvxn—‘rl)vd(xn+1a$n+2)a 2 )

d(@n, Ty 1)d(Tni1, Tnyo) 0}
1+ d(zp, Tni1) B

: d(Tn,Trng1)
Since  Er—y

therefore have that

M(Iny xn—&-l) = max {d(xna xn—&-l)a d(xn+17 73n+2)}7

s d(@n,Tng1)d(Tng1,Tnq2)
< 1, we obtain T e < d(xpi1,Tnia). We

N(.’I}n, xn-&-l) = min {d(l‘n, .’L’n+2), d(xnv xn+l)a d($n+1, Tn+1 } =0.

If we suppose that

M (zn, xp41) = max{d(@n, Tni1), d(@nt1, Tnt2)} = d(@nt1, Tng2),
we then have that (2.20) becomes

Y(d(Tn+1, Tng2)) < G(d(@nt1, Tny2)),
which contradicts hypothesis (1), thus we must have that
M (2, 2pi1) = max{d(@n, Tni1), A Xni1, Tpio)} = d(@n, Tpi1),
which implies that d(x,+1,Znt2) < d(zn, Tnt+1), so that (2.20) becomes
Y(d(@nt1, Tnt2)) < G(d(@n, Tnt1))-
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Similarly, we have that

(2.21) P(d(zn, Tni1)) < ¢(d(Tn-1,2n)),
using the properties of ¥ and ¢, we have that
(2.22) d(xn, Tpt1) < d(@p—1,2,) n € NU{0}.

Therefore, {d(z,, zn+1)} is a nonincreasing sequence and bounded below. Thus,
there exists ¢ > 0 such that
(2.23) lim d(zp, Tny1) = c.

n—oo
Suppose that ¢ > 0 and taking the limit of both sides of (2.21), we have that
() < ¢(c), which is a contradiction to condition (1), thus we must have that
c = 0. So, we have that
(2.24) lim d(2p, zny1) = 0.

n—oo
We now show that {z,} is a Cauchy sequence. Suppose that {z,} is not
a Cauchy sequence, then by Lemma 1.22; there exist € > 0 and sequences of
positive integers {ny} and {my} with ny > my > k such that d(z,, ,zn,) > €.
For each k£ > 0, corresponding to my, we can choose ny to be the smallest
positive integer such that d(xm,, , Tn, ) = €, d(Xm, , Tn,_,) < € and
( ) limg 00 d(xnmxmkﬂ) =6
(2) limg—oo d(Tny, Tm, ) = €,
( ) limy o0 (xmk—17x”k) =6
( ) limg— 00 (xmk—17xnk+1) =€
Since a(xg) > (o) and B(xg) > @(xo), we have that a(xm,,)B(zn,) >
O(Tm, )@(xn, ) and we can choose ng € NU {0} such that

1 1
id(xmk,Txmk) = 56 < ATy, Ty, )-

Hence, for all £ > ng, we have where
M<xmk7xnk> = Inax {d(xmk7xnk>7 d(xmk’mmk+l>7 d(xnk’xnkJrl)’

d(xnk7xnk+1) + d(xnk7xmk+l) d(xmk7xmk+1)d(xnk7xnk+l)
2 ’ 1+ d(zmy,, Tn,) ’
d(l’mk ) xnk+1)[1 + d((Enk ) ‘rnk+1 )] }
14+ d(Tm,, T, ) ’
N(Zmy, Tny) = min{d(x’mkﬂx7lk+1)7d(xmk7x7nk+l)7d(xnk7xmk+1)}'
Using Lemma 1.22, (2.24) and taking the limit as k — oo, we obtain 1(€) < ¢(e)
which contradicts condition (1) and thus applying Lemma 1.13, we get that
€ = 0. This contradicts the assumption that ¢ > 0. We therefore have that
{zy} is Cauchy.
Since (X,d) is complete, it follows that there exists x € X such that
lim,, o T, = .
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Suppose that T is continuous, we have that

z= lim z, = lim 2,41 = lim Tz, =T lim =z, = Tx.
n—oo n—oo n—oo n—oo
Thus, T has a fixed point.
More so, using the condition that S(x,) > ¢(z,) for all n € NU {0}, we
obtain that S(z) > ¢(x). We establish that T" has a fixed point. Now suppose
that

d(.Tn, xn—i—l)

N | =

d(xp,x) <

and

| —

d(l’n+1,$) < d(xn+1axn+2)~

— N

Then using the fact that d(zp4+1,Znt2) < d(Tn, Zni1), we have

d(Tp, Tpy1) < d(xp, x) + d(, Try1)

1 1
< id(xnvxn—i-l) + §d(xn+1a zn+2)
=d(Tpn, Tni1)-
The above inequality is a contradiction, thus, we must have that
1 1
d(l’n,.’IJ) > §d($naxn+1) or d($n+1;$) > §d(l’n+lzxn+2>-

Hence, we have
Pd(znt1, Tr)) = P(d(Tan, Tr)) < ¢(M (20, 2)) + LH(N (2, 9)),
where
d(xpn, Tx) + d(x, Txy,)
2 )
d(xp, Tey)d(z, Tx) d(z,Tx,)[l + d(x,, Te,)]
1+d(zn,z) 1+ d(zp,x) }’
N(zp,z) = min{d(x,, Tx), d(xy, Txy), d(x, Tzy,)}

M (zp,x) = max {d(xn, x), d(xpn, Txy), d(z, Tx),

Taking limit as n — oo and using the properties of ¥ and ¢, we have that
b(d(w, Tx)) < Bld(z, Tx)),
which contradicts condition (1) and by Lemma 1.13, we have that
dz,Tz) =0= 2z =Tu.
Hence, T has a fixed point. O

Theorem 2.14. Suppose that the hypothesis of Theorem 2.13 holds and in
addition suppose a(x) > @(x) and B(y) > ¢(y) for all x,y € F(T), where
F(T) is the set of fixed point of T. Then T has a unique fized point.
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Proof. Let z,y € F(T), that is Tz = x and Ty = y such that z # y. Using our
hypothesis that a(z) > ¢(x), B(y) > ¢(y), we have a(x)B(y) = ¢(z)¢(y) and
1d(z,Tz) = 0 < d(=,y), which implies that
Y(d(z,y)) = P(d(z,y)) < ¢(M(z,y)) + LY(N(2,y)),
where
d(z, Ty) +d(y, T'r)
2 k)

} =d(z,y),

M(o,y) = o { (o, ). d(o. To), . 7o),
d(z, Tx)d(y, Ty) d(y,Tz)[1 +d(z, Tz)]
1+d(z,y) 1+ d(z,y)
N(z,y) = min{d(z,Ty), d(x, Tz),d(y, Tx)} = 0.
P(d(z,y)) < old(z,y)),
which contradicts condition (1) and by Lemma 1.13, we have that

dlz,y) =0=>z=y.
Thus, T has a unique fixed point. O

Definition 2.15. Let (X,d) be a metric space, o, 8 : X — [0,00) be two
functions and T be a self map on X. The mapping T is said to be a TAC-1-
(1, ¢)-Suzuki type rational contraction mapping, if

a(z)B(y) = ¢(z)p(y) and
(2.25) %d(%Tm) < d(z,y)
= P(d(Tz,Ty)) < ¢(M(z,y))

for all z,y € X, where ¢ is an alternating distance function, ¢ : [0, 00) — [0, 00)
is a continuous function,
d(z,T d(y, T
Mavy) = max {dlo. ), e, Ta) dty, ), AT AT,

d(xz, Tz)d(y, Ty) d(y,Tz)[1+ d(z,Tz)) } .

L+d(z,y) 1+d(z,y)

Theorem 2.16. Let (X,d) be a complete metric space and T : X — X be a
TAC-1-(, ¢)-Suzuki type rational contraction mapping. Suppose the following
conditions hold:

(1) (t) > ¢(t) for allt >0,

(2) T is a cyclic (a, B)-admissible mapping with respect to ¢,

(3) there exists xg € X such that a(xo) > ¢(x0) and B(xo) > w(x0),

(4) T is continuous,

(5) if for any sequence {x,} in X with B(xy,) > ¢(xy,) for alln > 0 and
Tp — X asn — 00, then B(x) > ¢(x).

Then T has a fized point.
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Proof. The proof follows similar approach as in Theorem 2.13. O
Using Remark 2.2, we obtain the following results.

Corollary 2.17. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the inequality
a(@)8(y) =1 and

(2.26) %d(m, To) < d(z,y)

= Y(d(Tz, Ty)) < ¢(M(x,y)) + Lp(N(z,y))
for all x;y € X, where L > 0, ¥ is an alternating distance function, ¢ :
[0,00) = [0,00) is a continuous function,
Ma,y) =max { e, ). d(a. 7o),y Ty), A0 H0LE),
d(z, Tz)d(y, Ty) d(y,Tz)[1+ d(z,Tz))
1+d(z,y) 1+ d(z,y) } and
N(z,y) =min{d(x, Ty),d(x,Tx),d(y, Tx)}.
Suppose the following conditions hold:
(1) (t) > ¢(t) for allt >0,
(2) T is a cyclic (a, B)-admissible mapping,
(3) there exists xg € X such that a(xg) > 1 and f(zg) > 1,
(4) T is continuous,
(5) if for any sequence {x,} in X with B(x,) > 1 for alln >0 and z,, = x
as n — oo, then B(x) > 1.
Then T has a fized point.

Corollary 2.18. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the inequality
a(x)fly) >1 and

(2.27) %d@aTw)S(ﬂr,y)

= P(d(Tz,Ty)) < ¢(M(z,y))
forallz,y € X, where ) is an alternating distance function, ¢ : [0,00) — [0, 00)
i a continuous function,
d(z, T d(y, T
R B e
d(z,Tx)d(y, Ty) d(y, Tz)[l + d(z, Tz)] }
L+d(z,y) 1 +d(z,y) '
Suppose the following conditions hold:

(1) ¥(t) > ¢(t) for allt >0,
(2) T is a cyclic (a, B)-admissible mapping,
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(3) there exists xg € X such that a(xo) > 1 and B(xo) > 1,

(4) T is continuous,

(5) if for any sequence {x,} in X with B(x,) > 1 for alln >0 and z,, —
as n — oo, then p(x) > 1.

Then T has a fized point.

Example 2.19. Let X = [0,00) with the usual metric d(z,y) = |z — y|. We
defined 7': X — X by

T — & if ze€[0,1],
2z if z € (1,00),

2 if z€]0,1],
0 if ze(l,00),

)1 it 2z e(0,1],
@(x){ if ze€(1,00),

and ¢, : [0,00) — [0,00) by ¥(t) = t? and ¢(t) = log(t + 1). Thus T satisfy
condition in Theorem 2.14 and T is a TAC-(v, 1)-Suzuki type mapping.

Proof. Clearly, for any = € [0, 1], we have that a(x) > ¢(x), B(x) > ¢(z) and
Tx = {5, we also have that «(Tx) > o(T'z) and B(T'z) > ¢(Tx). Clearly T is
a cyclic (a, §)-admissible with respect to ¢. For any xg € [0, 1], we have that
a(xg) > @(xg) and B(zg) > p(x0). Let {z,} be a sequence in X with 8(z,) > 1
for all n € NU {0} and z,, — x as n — oo, using the definition of 3, we must
have that {z,,} C [0, 1] and thus x € [0, 1]. Hence 8(z) > ¢(z). Furthermore, it
is clear that () > ¢(t) for all ¢ > 0. Since S(x)a(y) > ¢(z)p(y) if z,y € [0, 1],
we need to show that T' is a TAC-(¢),¥)-Suzuki type mapping for any z,y €
[0,1] with d(z,Tz) < d(z,y). Let z,y € [0,1] and without loss of generality,
we suppose that z <y. We then have that d(z,Tz) = 1|z — £| = 32, Thus
for 2d(z,Tz) < d(z,y), we must have that X < y. Now, observe that for
L > 3, we have

(T2, T9)) = 9(1 L~ 2N) = w(gly —al) = cly - of?
< loglly — x| + 1] + |y — «/?
= o(1y — 1) + ¥ (ly =]
< 9(M(z,1)) + LY(N(,9))

thus T satisfy all the hypothesis of Theorem 2.14 and = = 0 is the unique fixed
point of T'. (I
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Remark 2.20. We note that Theorem 1.11 and Definition 1.8 is not applicable
to the above example. To see this, observe that for x = 0 and y = 4, we have
that

%d(x,Tx) =0<4=d(z,y)
but

Y(d(Tz,Ty)) = P(8) = 64 > 16 — ¢(4) = (M (z,y)) — ¢(M(z,y))

for any ¢ : [0,00) — [0, 00) is a lower semi-continuous function with ¢(¢) = 0 if
and only if £ = 0. More so,

d(Tz,Ty) =8 >4 =d(z,y).

It is also easy to see that Theorem 1.3 is not applicable. For any 6, x = 0 and
y = 4, we have that

Y(d(Tx, Ty)) = ¥(8) = 64 > §(16) = dp(4) = dd(x, y).

3. Conclusion

In this paper, we introduce the notion of cyclic (a, 8)-admissible mapping
with respect to ¢, modified TAC-Suzuki-Berinde type F-contraction and mod-
ified TAC-(1), ¢)-Suzuki type rational mappings in the frame work of complete
metric spaces. We also established and obtained fixed point theorems in such
spaces. More so, we present some examples to support our main theorems.
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