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Abstract
In this paper, we introduce an inertial-type algorithm for approximating a common

solution of split generalized mixed vector equilibrium and fixed point problems. In

the framework of real Hilbert spaces, we state and prove a strong convergence

theorem for obtaining a common solution of split generalized mixed vector equi-

librium problem and fixed point of a finite family of nonexpansive mappings.

Furthermore, we give some consequences of our main result and also report some

numerical illustrations to display the performance of our method. The result

obtained in this paper unifies and generalizes other corresponding results in the

literature.
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problem � Generalized vector mixed equilibrium � Fixed point problem
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1 Introduction

The Vector Equilibrium Problem (VEP) is an important aspect of vector

optimization problem that unifies other mathematical problems such as vector

variational inequality problem, vector saddle point problem, complementarity

problem, as well as fixed point problem etc. Let X, Y be two Hausdorff topological

spaces, P be a proper, closed and convex cone of Y with intP 6¼ ; and F : X � X !
Y be a bifunction. A Strong Vector Equilibrium Problem (SVEP) is defined as : find

x 2 X such that
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Fðx; yÞ 2 P; 8y 2 X;

and the Weak Vector Equilibrium Problem (WVEP) is defined as find x 2 X such

that

Fðx; yÞ 62 �intP; 8y 2 X:

If P ¼ R in the above, then the VEP reduces to the classical Equilibrium Problem

(EP) introduced by Blum and Oettli [7]. The EP consists of finding x 2 X such that

Fðx; yÞ� 0; 8y 2 X: ð1Þ

Peng and Yao [31] studied a generalized version of (1) called the Generalized

Mixed Equilibrium Problem (GMEP). They formulated the GMEP as follows: find

x 2 X such that

Fðx; yÞ þ UðyÞ � UðxÞ þ hTx; y� xi� 0; 8y 2 X; ð2Þ

where F is a bifunction, U is a mapping and T is a nonlinear mapping. Following

Peng and Yao [31], Shan et al. [35] in 2012 introduced the Generalized Mixed

Vector Equilibrium Problem (GMVEP) as follows: Let C be a nonempty, closed and

convex subset of a Hilbert space, F be a bifunction, U : X ! R [ fþ1g be a

function and T : X ! H be a nonlinear mapping. The GMVEP is formulated as: find

x 2 X such that

Fðx; yÞ þ UðyÞ � UðxÞ þ ehTx; y� xi 2 C; 8y 2 P; ð3Þ

where e 2 intP: They denoted the solution set of (3) by

GMVEPðF;UÞ :¼fx 2 Fðx; yÞ þ UðyÞ � UðxÞ þ ehTx; y� xi 2 Cg; 8y 2 X:

Furthermore, they considered an auxiliary problem for the GMVEP and proved the

existence and uniqueness of the solution for the auxiliary problem. Also, they

introduced an iterative method for finding a common element of the set of fixed

points of a nonexpansive mapping, the set of solutions of GMVEP and the solution

set of a variational inequality problem.

The following remark highlights some particular cases of (3).

Remark 1.1

(i) If U � 0; T � 0 and e ¼ 1; then (3) reduces to the classical EP (1).

(ii) If Y ¼ R;P ¼ ½0;1Þ and e ¼ 1; then (3) reduces to the generalized mixed

equilibrium problem (2).

(iii) If U � 0 and T � 0; then (3) reduces to the classical VEP.

The vector equilibrium problem and its other variant generalizations have been

studied extensively in both Hilbert and Banach spaces (see

[3, 7, 11, 15, 17–20, 26–28, 33] and other references therein).
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Censor and Elfving [8] introduced the concept of Split Feasibility Problem (SFP)

in finite dimensional Hilbert spaces. Let H1 and H2 be two Hilbert spaces, C and Q
be nonempty, closed and convex subsets of H1 and H2 respectively. Let A : H1 !
H2 be a bounded linear operator. The SFP is formulated as

Find x� 2 C such that Ax� 2 Q:

The SFP have notable real life applications in diverse areas such as signal pro-

cessing, medical image reconstruction, intensity modulated radiation therapy, sensor

network, antenna design, immaterial science, computerized tomography, data

denoising and data compression (see [4–6, 9, 10] and other references therein). Due

to this advantage, SFP for other optimization problems have also been developed

and studied by numerous researchers. In 2013, Kazmi and Rizvi [21] introduced the

Split Equilibrium Problem (SEP). Let C � H1; Q � H2 be nonempty, closed and

convex sets and A : H1 ! H2 be a bounded linear operator. Let F1 : C � C ! H1

and F2 : Q� Q ! H1 be two bifunctions. Then, the SEP is to find x� 2 C such that

F1ðx�; xÞ� 0; 8x 2 C ð4Þ

and y ¼ Ax� 2 Q solves

F2ðy�; yÞ� 0; 8y 2 Q: ð5Þ

Furthermore, they proposed the following viscosity iterative method for approxi-

mating the solutions of SEP and fixed point problem of nonexpansive semigroup in

real Hilbert spaces:

un ¼ KF1
rn
ðxn þ dA�ðKF2

rn
� IÞAxnÞ;

xnþ1 ¼ ancf ðxnÞ þ bnxn þ ½ð1� bnÞI � anB	
1

sn

Z sn

0

TðsÞunds;

8<
: ð6Þ

where rn 2 ð0;1Þ; f is a contraction with c 2 ð0; 1Þ; B is a strongly positive linear

bounded self-adjoint operator on H1 with constant g[ 0 such that 0\g\ g
c\cþ 1

g ;

fsng is a positive real sequence diverging to þ1; d 2 ð0; 1LÞ; L is being the spectral

radius of the operator A�A and fang; fbng are sequences in ð0; 1Þ;KF1
rn

and KF2
rn

are

resolvent mappings of F1 and F2 respectively. They established that the iterative

method converges strongly under some mild assumptions.

In the same vein, Yao et al. [39] studied another modified viscosity iterative

method for finding a common element of the sets of solutions of mixed equilibrium

problem, nonexpansive mappings and variational inclusion problems. Precisely,

they proposed the following iterative method:

Fðun; yÞ þ UðynÞ � UðunÞ þ
1

rn
hy� un; un � ðxn � rAxnÞi� 0;

xnþ1 ¼ anðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ lBÞ	WnKR;kðzn � rBznÞ;

8<
:

ð7Þ

where fang; fbng 2 ½0; 1	 and Wn is a system of nonexpansive mappings. They
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obtained the convergence results of the proposed sequences under some mild

conditions. Also, Withayarat et al. [38] introduced and studied an iterative method

for finding a common element in the solution sets of mixed equilibrium problem,

variational inclusion and fixed point problem of nonexpansive mappings. They

proposed the following iterative method:

Fðun; yÞ þ UðynÞ � UðunÞ þ
1

rn
hy� un; un � ðxn � rAxnÞi� 0;

zn ¼ KR;s2ðun � s2BunÞ;
yn ¼ KR;s1ðzn � s1DznÞ;
xnþ1 ¼ anðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ lBÞ	WnKR;s1ðzn � rDznÞ;

8>>>>><
>>>>>:

ð8Þ

where fang; fbng 2 ½0; 1	; B and D are inverse strongly monotone mappings, Wn is

an infinite family of nonexpansive mappings and KR;s1 and KR;s2 are resolvent

mappings. They obtained the convergence results of the proposed sequences under

some mild conditions.

Motivated by the works of Censor and Elfving [8], and Kazmi and Rizvi [21],

Kazmi et al. [19] extended the notion of split inverse problems to the framework of

vector optimization problems in real Hilbert spaces. In particular, the authors [19]

introduced and studied the following Split Generalized Vector Equilibrium

Problems (SGVEP):

Let F1 : C � C ! Y and F2 : Q� Q ! Y be nonlinear bifunctions, let U : C !
Y and W : Q ! Y be nonlinear mappings, then the SGVEP is to find x� 2 C such

that

F1ðx�; xÞ þ UðxÞ � Uðx�Þ 2 P; 8x 2 C; ð9Þ

and such that y� ¼ Ax� 2 Q solves

F2ðy�; yÞ þWðyÞ �Wðy�Þ 2 P; 8y 2 Q: ð10Þ

Furthermore, the authors established the existence and uniqueness of solutions to

SGVEP (9) and (10).

Remark 1.2 Observe that if U � W � 0 in (9) and (10) then the SGVEP becomes

the Split Vector Equilibrium Problem (SVEP). If in addition P ¼ ½0;1Þ in SVEP

then it reduces to the classical SEP (4) and (5).

On the other hand, it is well known that incorporating inertial term in iterative

methods speeds up the rate of convergence of the iterative methods. The inertial-

type iterative method was first introduced by Polyak [32]. Consequently, a host of

researchers have employed the inertial term to accelerate variant of iterative

methods (see [1, 2, 14, 22, 23, 30] and other references therein).

Inspired by the works of Kazmi and Rizvi [21], Shan et al. [35], Rouhani et al.

[34], Yao et al. [39] and Withayarat et al. [38], we present an inertial-type iterative

method for approximating a common solution of a split generalized vector mixed

equilibrium problem and fixed point problems of a finite family of nonexpansive
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mappings in real Hilbert spaces. Furthermore, we prove a strong convergence

theorem of the proposed method in the framework of real Hilbert space. In addition,

we also report some numerical illustrations to display the performance of our

method. Our result extends and complements some results in the literature.

2 Preliminaries

We state some known and useful results which will be needed in the proof of our

main result. In the sequel, we denote strong and weak convergence by 00 !00 and
00 *00 respectively.

Lemma 2.1 [12] Let H1 be a real Hilbert space and C be a nonempty, closed and
convex subset of H1: The following inequalities hold:

(i) jjx� yjj2 ¼ jjxjj2 � jjyjj2 � 2hx� y; yi; 8x; y 2 H1;

(ii) jjxþ yjj2 
 jjxjj2 þ 2hxþ y; yi; 8x; y 2 H1;

(iii) jjaxþ ð1� aÞyjj2 ¼ ajjxjj2 þ ð1� aÞjjyjj2 � að1� aÞjjx� yjj2; 8a 2
½0; 1	 8x; y 2 H1:

The nearest projection PC from H1 to C assign to each x 2 H1; the unique point

PCx satisfying the property

jjx� PCxjj ¼ min
y2C

jjx� yjj:

The following is a very useful property of the nearest point mapping:

hx� PCx;PCx� yi� 0; 8y 2 C:

Let T : C ! C be a mapping. We denote the set of all fixed points of T by Fix(T),
that is, FixðTÞ ¼ fx 2 C : x ¼ Txg: The mapping T is said to be:

(i) a contraction, if T : C ! C is called k-contraction, if there exists a constant
k 2 ð0; 1Þ such that

jjTx� Tyjj 
 kjjx� yjj; 8x; y 2 C;

(ii) nonexpansive, if

jjTx� Tyjj 
 jjx� yjj; 8x; y 2 C:

It is well known that the metric projection PC is nonexpansive.

(iii) b-inverse strongly monotone, if there exists a constant b[ 0 such that

hAx� Ay; x� yi� bjjAx� Ayjj2; 8x; y 2 C:

If b ¼ 1; then A is firmly nonexpansive.

An operator B is strongly positive, if there exists a constant l[ 0 with the property
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hBx; xi� ljjxjj2; 8x 2 H1:

Lemma 2.2 [29] Assume B is a strong positive linear bounded operator on a real

Hilbert space H1 with a coefficient l[ 0 and 0\q
 jjBjj�1: Then
jjI � qBjj 
 1� ql:

Definition 2.3 A mapping T : H1 ! H1 is said to be an averaged mapping, if and

only if it can be written as the average of the identity I and a nonexpansive mapping;

that is,

T ¼ ð1� aÞI þ aS; ð11Þ

where a is a number (0, 1) and S : H1 ! H1 is nonexpansive. More precisely, when

(11) holds, we say that T is a-averaged. Thus firmly nonexpansive mappings (in

particular projections) are 1
2
-average maps.

Lemma 2.4 [6, 13] Let the operators S; T ;G : H1 ! H1 be given.

(i) If T ¼ ð1� aÞSþ aG for some a 2 ð0; 1Þ and if S is averaged and G is

nonexpansive, then S is averaged.

(ii) T is firmly nonexpansive, if and only if the complement I � T is firmly

nonexpansive.

(iii) If T ¼ ð1� aÞI þ aG for some a 2 ð0; 1Þ; S is firmly nonexpansive and

G is nonexpansive, then T is averaged.

Definition 2.5 Let C be a nonempty, closed and convex subset of a Hilbert space

H1: Let Ti : C ! H1; i ¼ 0; 1; 2; . . .;N be a finite family of nonexpansive mappings.

Then, we define the mapping Wn : C ! C8x 2 C as follows:

Un;0 ¼ I

Un;1 ¼ kn;1T1Un;0 þ ð1� kn;1ÞI
Un;2 ¼ kn;2T2Un;1 þ ð1� kn;2ÞI

..

.

Un;N�1 ¼ kn;N�1TN�1Un;N�2 þ ð1� kn;N�1ÞI
Wn ¼ Un;N ¼ kn;NTNUn;N�1 þ ð1� kn;NÞI;

where k1; k2; . . .; kN are real number such that 0\kn 
 1 for all n� 1:

Remark 2.6 [39] Wn mapping is nonexpansive.

Lemma 2.7 [36] Let C be a nonempty, closed and convex subset of a real Hilbert

space H1: Let fTngNn¼1 be a finite family of nonexpansive mapping Tn : H1 ! H1

such that \N
n¼1FixðTnÞ 6¼ ;: Let k1; k2; . . .; kN be real numbers such that

0\kn 
 b\1 for all n 2 N: Then the following statements hold:

(i) for all x 2 H and k 2 N; then the limit limn!1 Un;kx exists,

123

K.O. Aremu et al.



(ii) FixðWÞ ¼ \N
n¼1FixðTnÞ; where Wx ¼ limn!1 Wnx ¼ lim

n!1
Un;Nx for all

x 2 C;
(iii) for any bounded sequence fxng in H1; limn!1 jjWxn �Wnxnjj ¼ 0:

Lemma 2.8 [36] Let fxng and fzng be bounded sequences in a Banach space E and
fbng be a sequence [0, 1] such that 0\ lim infn!1 bn 
 lim supn!1 bn\1:
Suppose that xnþ1 ¼ bnxn þ ð1� bnÞzn; for all n� 0 and lim supn!1ðjjznþ1 � znjj �
jjxnþ1 � xnjjÞ 
 0: Then limn!1 jjzn � xnjj ¼ 0:

Lemma 2.9 [24, 25] Let fang be a sequence of non-negative real numbers
satisfying

anþ1 
ð1� anÞan þ dn; n� 0;

where fang and fdng satisfy the following conditions:

(i) fang � ½0; 1	;
P1
n¼0

an ¼ 1,

(ii) lim sup
n!1

dn
an

 0 or

P1
n¼0

jdnj\1:

Then lim
n!1

an ¼ 0:

Definition 2.10 [28, 37] Let X and Y be two Hausdorff topological spaces, E be a

nonempty convex subset of X and P be a proper, closed and convex cone of Y with

int P 6¼ ;: Let 0 be the zero point of Y, Uð0Þ be the neighborhood set of 0, Uðx0Þ
be the neighborhood set of x0 and h : E ! Y be a mapping:

1. If for any V 2 Uð0Þ in Y, there exists U 2 UðxÞ such that

hðxÞ 2 hðx0Þ þ V þ P; 8x 2 U \ E;

then h is called upper P-continuous on x0: If h is upper P-continuous for all

x 2 E; then h is called upper P-continuous on E.
2. If for any V 2 Uð0Þ in Y, there exists U 2 UðxÞ such that

hðxÞ 2 hðx0Þ þ V � P; 8x 2 U \ E;

then h is called lower P-continuous on x0: If h is lower P-continuous for all

x 2 E; then h is called lower P-continuous on E.
3. If for any x; y 2 E and a 2 ½0; 1	; the mapping h satisfies

hðxÞ 2 hðaxþ ð1� aÞyÞ þ P or hðyÞ 2 hðaxþ ð1� aÞyÞ þ P;

then h is called proper P-quasi-convex.
4. If for any x1; x2 2 E and a 2 ½0; 1	; the mapping h satisfies

ahðx1Þ þ ð1� aÞhðx2Þ 2 hðax1 þ ð1� aÞx2Þ þ P;

then h is called P-convex.
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Lemma 2.11 [16] Let X and Y be two Hausdorff topological spaces, E be a
nonempty, compact and convex subset of X and P is a proper, closed and convex
cone of Y with int P 6¼ ;: Assume that F : E � E ! Y are U : E ! Y are two
vector mappings. Suppose that F and U satisfy

(i) Fðx; xÞ 2 P ; 8x 2 E;
(ii) U is upper P -continuous on E,
(iii) Fð�; yÞ is lower P -continuous, 8y 2 E;
(iv) Fðx; �Þ þ Uð�Þ is proper P -quasi-convex, 8x 2 E: Then there exists a point

x 2 X satisfying

�Fðx; yÞ 2 P n f0g; 8x 2 E

where

�Fðx; yÞ ¼ Fðx; yÞ þ UðyÞ � UðxÞ; 8x; y 2 E:

To solve the generalized mixed equilibrium problem, the following assumptions

are required.

Let F : X � X ! Y and U : X ! Y be two mappings. For any z 2 H1; define a

mapping F : X � X ! Y as follows

Fzðx; yÞ ¼ Fðx; yÞ þ UðyÞ � UðxÞ þ e

r
hy� x; x� zi;

where r is a positive number in R and e 2 P: Then Fz; �F;U satisfy the following

conditions

(A1) for al x 2 X; Fðx; xÞ ¼ 0;
(A2) F is monotone, that is Fðx; yÞ þ Fðy; xÞ 2 �P; 8x; y 2 X;
(A3) F(x, .) is continuous, 8y 2 X;
(A4) F(x, .) is weakly continuous and P-convex, that is

aFðx; y1Þ þ ð1� aÞFðx; y2Þ 2 Fðx; ay1 þ ð1� aÞy2Þ þ P; 8x; y1; y2 2 X;

(A5) Fzð:; yÞ is lower continuous, 8y 2 X and H1;
(A6) U is P-convex and weakly continuous,

(A7) Fzðx; :Þ is proper P-quasi-convex, 8x 2 X and z 2 H1:

Lemma 2.12 [35] Let F and U satisfy assumptions (A1)-(A7). Define the mapping

Kr : H1 ! X as follows

KF
r ¼ fFðx; yÞ þ UðyÞ � UðxÞ þ e

r
hy� x; x� zi 2 P8y 2 Xg:

Then

1. KF
r ðzÞ 6¼ ;; 8z 2 H1;

2. KF
r is singlevalued,
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3. KF
r is firmly nonexpansive, that is

jjKF
r z1 � KF

r z2jj
2 
hKF

r z1 � KF
r z2; z1 � z2i; 8z1; z2 2 H1;

4. FixðKF
r Þ ¼ GMVEPðF;UÞ;

5. GMVEPðF;UÞ is closed and convex.

Following the ideas in [19, 35], we introduce the split generalized vector mixed

equilibrium problem (SGMVEP) as follows:

Let H1 and H2 be two Hilbert spaces, C and Q be nonempty, closed and convex

subsets of H1 and H2 respectively. Let A : H1 ! H2 be a bounded linear operator.

Let F1 : C � C ! Y and F2 : Q� Q ! Y be nonlinear bifunctions, let U1 : C ! Y;
W2 : Q ! Y; L1 : X ! H1 and L2 : Y ! H2 be nonlinear mappings, then the

SGMVEP is to find x� 2 C such that

F1ðx; x�Þ þ U1ðx�Þ � U1ðxÞ þ ehL1x; x� � xi 2 C; 8x� 2 P; ð12Þ

and such that y� ¼ Ax� 2 Q solves

F2ðy; y�Þ þW2ðy�Þ �W2ðyÞ þ ehL2y; y� � yi 2 Q; 8y� 2 P: ð13Þ

We denote the solution set of SGMVEP (12) and (13) by SGMVEPðF1;U1;W1;F2;
U2;W2Þ ¼ fx� 2 GMVEPðF1;U1;WiÞ : Ax� 2 GMVEPðF2;U2;W2Þg: It follows

from [8] (see also [19, 35]) that the SGMVEP ((12) and (13)) are well-defined and

the solution set SGVMEPðF1;U1;W1;F2;U2;W2Þ is closed and convex.

Remark 2.13 If U � W � 0 in (12) and (13), we obtain the vector split variational

inequality problem as introduced by Giannessi [15]. The SGVMEP is related to the

Split Mixed Vector Variational Inequality Problem (SMVVIP) if F1 ¼ F2 ¼ 0; e ¼
1 such that U1 and W2 are bifunctions. See [34] for details on the SMVVIP.

3 Main results

Theorem 3.1 Let C and Q be nonempty, compact, convex subset of real Hilbert
spaces H1 and H2 respectively. Assume that P and D are closed, convex cones of
real Hausdorff topological spaces Y and Z with e and d fixed points in P and D
respectively. Let A : H1 ! H2 be a bounded linear operator with adjoint A� and
Ti : C ! C be a finite family of nonexpansive mappings, i ¼ 1; 2; . . .;N: Let F1 :
C � C ! Y; F2 : Q� Q ! Z; U1 : C ! Y and U2 : Q ! Z be functions satisfying
assumptions (A1)-(A7). Let W1 : C ! H1 and W2 : Q ! H2 be b1 and b2 inverse

strongly monotone mappings respectively. Let f be a contraction of H1 into itself

with coefficient k 2 ð0; 1Þ and B be a strongly positive linear bounded operator

defined as in Lemma 2.2. Assume that C ¼ \N
i¼1FixðTiÞ \

SGMVEPðF1;U1;W1;F2;U2;W2Þ 6¼ ;: Let the sequences fwng; fyng and fxng be

generated iteratively by u; x0; x1 2 H1 and
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wn ¼ xn þ hnðxn � xn�1Þ
yn ¼ KF1

r ðI � nA�ðI � KF2
s ÞAÞwn

xnþ1 ¼ anðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn;

8><
>: ð14Þ

where fang and fbng are two real sequences in [0, 1], r; s[ 0; c\ ð1þgÞl
k and

fhng � ½0; h	 with h 2 ½0; 1Þ satisfying the following conditions:

(C1) lim
n!1

an ¼ 0; and
P1
n¼1

an ¼ 1;

(C2) 0\ lim inf
n!1

bn\ lim inf
n!1

bn\1

(C3)
P1
n¼1

jknþ1 � knj\1; and
P1
n¼1

hnjjxn � xn�1jj\1:

Then the sequence fxng converges strongly to a point

x� ¼ PCðuþ cf ðx�Þ � gBx�Þ 2 C:

Proof First, we show that A�ðI � KF2
s ÞA is 1

L-inverse strongly monotone. From

Lemma 2.12(3) and the fact that I � KF2
s is firmly nonexpansive (see Lemma

2.4(ii)), we have

����A��I � KF2
s

�
Ax � A��I � KF2

s

�
Ayjj2 ¼

����A��I � KF2
s

�
Aðx� yÞ

����2
¼

�
A��I � KF2

s

�
Aðx� yÞ;A��I � KF2

s

�
Aðx� yÞ

�
¼

��
I � KF2

s

�
Aðx� yÞ;AA��I � KF2

s

�
Aðx� yÞ

�

 L

��
I � KF2

s

�
Aðx� yÞ;

�
I � KF2

s

�
Aðx� yÞ

�
¼ L

�����I � KF2
s

�
Aðx� yÞ

����2

 L

��
I � KF2

s

�
Aðx� yÞ;Aðx� yÞ

�
¼ L

��
x� y;A�ðI � KF2

s

�
Aðx� yÞ

�
¼ L

�
ðx� y;A��I � KF2

s

�
Ax� A��I � KF2

s

�
Ayi; 8x; y 2 H:

This implies that A�ðI � KF2
s ÞA is 1

L inverse strongly monotone. Since n 2 ð0; 1LÞ; it
follows that I � nA�ðI � KF2

s ÞA is nonexpansive. We divide the rest of the proof into

5 steps.

Step 1 We show that fxng is bounded. Let p 2 C; then we have p ¼ KF1
r p and

p ¼ ðI � nA�ðI � KF2
s ÞAÞp: By nonexpansivity of I � nA�ðI � KF2

s ÞA; it implies that

jjyn � pjj ¼ jjKF1

r ðI � nA�ðI � KF2

s ÞAÞwn � KF1

r ðI � nA�ðI � KF2

s ÞAÞpjj

 jjðI � nA�ðI � KF2

s ÞAÞwn � ðI � nA�ðI � KF2

s ÞAÞpjj

 jjwn � pjj
¼ jjxn þ hnðxn � xn�1Þ � pjj

 jjxn � pjj þ hnjjxn � xn�1jj:

ð15Þ

From (14), (15) and Remark 2.6, we have
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jjxnþ1 � pjj ¼ jjanðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn � pjj
¼ jjanuþ anðcf ðxnÞÞ � ðI þ gBÞpÞ þ bnðxn � pÞ þ ð1� bnÞðWnyn � pÞ
� anðI þ gBÞðWnyn � pÞjj

¼ jjanuþ anðcf ðxnÞÞ � ðI þ gBÞpÞ þ bnðxn � pÞ þ ½ð1� bnÞI � anðI þ gBÞ	ðWnyn � pÞjj

 anjjujj þ anjjðcf ðxnÞÞ � ðI þ gBÞpÞjj þ bnjjxn � pjj þ ð1� bnÞ � anð1þ glÞjjWnyn � pjj

 anjjujj þ anckjjxn � pjj þ anjjcf ðpÞ � ðI þ gBÞpÞjj þ bnjjxn � pjj

þ ð1� bnÞ � anð1þ glÞjjyn � pjj

 anjjujj þ anckjjxn � pjj þ anjjcf ðpÞ � ðI þ gBÞpÞjj þ bnjjxn � pjj

þ ð1� bnÞ � anð1þ glÞ
�
jjxn � pjj þ hnjjxn � xn�1jj

�
¼ anjjujj þ anckjjxn � pjj þ anjjcf ðpÞ � ðI þ gBÞpÞjj þ bnjjxn � pjj
þ ð1� bnÞ � anð1þ glÞjjxn � pjj þ hnð1� bnÞ � anð1þ glÞjjxn � xn�1jj


 ð1� anð1þ gl� ckÞÞjjxn � pjj þ anjjujj þ anjjcf ðpÞ � ðI þ gBÞpÞjj
� anhnð1þ glÞjjxn � xn�1jj þ hnjjxn � xn�1jj

¼ ð1� anð1þ gl� ckÞÞjjxn � pjj þ an
�
jjujj þ jjcf ðpÞ � ðI þ gBÞpÞjj

� hnð1þ glÞjjxn � xn�1jj þM
�
;

ð16Þ

where M[ 0 is a constant such that

hn
an

jjxn � xn�1jj 
M; 8n� 1:

This implies that

jjxnþ1; pjj ¼ ð1� anð1þ gl� ckÞÞjjxn � pjj þ an
�
jjujj þ jjcf ðpÞ � ðI þ gBÞpÞjj

�
�
hnð1þ glÞ

�
jjxn � xn�1jj þM

�


 max jjxn � pjj;
jjujj þ jjcf ðpÞ � ðI þ gBÞpÞjj �

�
hnð1þ glÞ

�
jjxn � xn�1jj þM

anð1þ gl� ckÞ

	 


..

.


 max jjx0 � pjj;
jjujj þ jjcf ðpÞ � ðI þ gBÞpÞjj �

�
hnð1þ glÞ

�
jjxn � xn�1jj þM

anð1þ gl� ckÞ

	 

:

ð17Þ

Therefore fxng is bounded, and consequently, fwng and fyng are also bounded.

Step 2 We show that lim
n!1

jjxnþ1 � xnjj ¼ 0: Define xnþ1 ¼ bnxn þ ð1� bnÞvn;

then vn ¼ xnþ1�bnxn
1�bn

:
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vnþ1 � vn ¼
xnþ2 � bnþ1xnþ1

1� bnþ1

� xnþ1 � bnxn
1� bn

¼ anþ1ðuþ cf ðxnþ1ÞÞ þ bnþ1xnþ1 þ ½ð1� bnþ1ÞI � anþ1ðI þ gBÞ	Wnþ1ynþ1 � bnþ1xnþ1

1� bnþ1

� anðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn � bnxn
1� bn

¼ anþ1

1� bnþ1

ðuþ cf ðxnþ1ÞÞ

� an
1� b

ðuþ cf ðxnÞÞ þ
ð1� bnþ1ÞI � anþ1ðI þ gBÞ	Wnþ1ynþ1

1� bnþ1

� ð1� bnÞI � anðI þ gBÞ	Wnyn
1� bn


 anþ1

1� bnþ1

h
ðuþ cf ðxnþ1ÞÞ � ðI þ gBÞ	Wnþ1ynþ1

i

� an
1� bn

h
ðuþ cf ðxnÞÞ � ðI þ gBÞ	Wnyn

i

þ jjWnþ1ynþ1 �Wnþ1ynjj þ jjWnþ1yn �Wnynjj


 anþ1

1� bnþ1

h
ðuþ cf ðxnþ1ÞÞ � ðI þ gBÞ	Wnþ1ynþ1

i

� an
1� bn

h
ðuþ cf ðxnÞÞ � ðI þ gBÞ	Wnyn

i

þ jjynþ1 � ynjj þ jjWnþ1yn �Wnynjj:

ð18Þ

We obtain from (18) that

jjvnþ1 � vnjj � jjxnþ1 � xnjj 

anþ1

1� bnþ1

h
ðuþ cf ðxnþ1ÞÞ � ðI þ gBÞ	Wnþ1ynþ1

i

� an
1� bn

h
ðuþ cf ðxnÞÞ � ðI þ gBÞ	Wnyn

i

þ jjynþ1 � ynjj þ jjWnþ1yn �Wnynjj � jjxnþ1 � xnjj:
ð19Þ

From (14) and nonexpansivity of KF1
r and ðI � nA�ðI � KF2

s Þ; we obtain that

jjynþ1 � ynjj ¼
����KF1

r

�
I � nA��I � KF2

s

�
A
�
wnþ1 � KF1

r

�
I � nA��I � KF2

s

�
A
�
wn

����

 jjwnþ1 � wnjj

ð20Þ
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¼ jjxnþ1 þ hnþ1ðxnþ1 � xnÞ � xn � hnðxn � xn�1Þjj

 jjxnþ1 � xnjj þ hnþ1jjxnþ1 � xnjj þ hnjjxn�1 � xnjj
¼ jjxnþ1 � xnjj þ hnþ1jjxnþ1 � xnjj þ hnjjxn � xn�1jj

 jjxnþ1 � xnjj þ hnþ1jjxnþ1 � xnjj þ hnjjxn � xn�1jj þ hn�1jjxn�1 � xn�2jj


 jjxnþ1 � xnjj þ
Xnþ1

i¼1

hijjxi � xi�1jj:

ð21Þ

It follows from Definition 2.5 and Remark 2.6 that

jjWnþ1yn �Wnynjj ¼ jjknþ1;NTNUnþ1;N�1yn þ ð1� knþ1;NÞyn � kn;NTNUn;N�1yn þ ð1� kn;NÞynjj

 jjknþ1;NTNUnþ1;N�1yn � kn;NTNUn;N�1ynjj þ jknþ1;N � kn;N jjjynjj

 jjknþ1;NTNUnþ1;N�1yn � knþ1;NTNUn;N�1ynjj

þ jjknþ1;NTNUn;N�1yn � kn;NTNUn;N�1ynjj þ jknþ1;N � kn;N jjjynjj

 knþ1;N jjUnþ1;N�1yn � Un;N�1ynjj þ jknþ1;N � kn;N jjjTNUn;N�1ynjj

þ jknþ1;N � kn;N jjjynjj

 knþ1;N jjUnþ1;N�1yn � Un;N�1ynjj þ jknþ1;N � kn;N jM1;

ð22Þ

where M1 is a constant such that M1 � maxfsupn� 1 jjynjj; supn� 1 jjTNUn;N�1ynjjg:
From (22), we have

jjUnþ1;N�1yn � Un;N�1ynjj ¼ jjknþ1;N�1TN�1Unþ1;N�2yn þ ð1� knþ1;N�1Þyn
� kn;N�1TN�1Un;N�2yn þ ð1� kn;N�1Þynjj


 jjknþ1;N�1TN�1Unþ1;N�2yn � kn;N�1TN�1Un;N�2ynjj
þ jknþ1;N�1 � kn;N�1jjjynjj


 jjknþ1;N�1TN�1Unþ1;N�2yn � knþ1;N�1TN�1Un;N�2ynjj
þ jjknþ1;N�1TN�1Un;N�2yn � kn;N�1TN�1Un;N�2ynjj
þ jknþ1;N�1 � kn;N�1jjjynjj


 knþ1;N�1jjUnþ1;N�2yn � Un;N�2ynjj þ jknþ1;N�1 � kn;N�1jjjTNUn;N�2ynjj
þ jknþ1;N�1 � kn;N�1jjjynjj


 knþ1;N�1jjUnþ1;N�2yn � Un;N�2ynjj þ jknþ1;N�1 � kn;N�1jM2;

ð23Þ

where M2 is a constant such that M2 � maxfsup
n� 1

jjynjj; sup
n� 1

jjTN�1Un;N�2ynjjg:

Following same argument in (22) and (23), we obtain

jjUnþ1;N�1yn � Un;N�1ynjj 

XN�1

i¼1

jknþ1;i � kn;ijM3; ð24Þ

where M3 is a constant such that M2 � maxfsup
n� 1

jjynjj; sup
n� 1

jjTiUi;i�1ynjjg:

Substituting (24) into (22), we have
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jjWnþ1yn �Wnynjj 
 jknþ1;N � kn;N jM1 þ knþ1;N

XN�1

i¼1

jknþ1;i � kn;ijM3



XN�1

i¼1

jknþ1;i � kn;ijM4;

ð25Þ

where M4 is a constant such that M4 � maxfM1;M3g: Substituting (21) and (25) in

(19), we have

jjvnþ1 � vnjj � jjxnþ1 � xnjj 

anþ1

1� bnþ1

h
ðuþ cf ðxnþ1ÞÞ � ðI þ gBÞ	Wnþ1ynþ1

i

� an
1� bn

h
ðuþ cf ðxnÞÞ � ðI þ gBÞ	Wnyn

i

þ jjxnþ1 � xnjj þ
Xnþ1

i¼1

hijjxi � xi�1jj

þ
XN�1

i¼1

jknþ1;i � kn;ijM4 � jjxnþ1 � xnjj:

By conditions (C1), (C2) and (C3), we obtain that

lim sup
n!1

ðjjvnþ1 � vnjj � jjxnþ1 � jjxnjjÞ 
 0:

Hence, by Lemma 2.8, we have that

lim
n!1

jjvn � xnjj ¼ 0:

But

lim
n!1

jjvn � xnjj ¼
xnþ1 � bnxn

1� bn
� xn

����
����

¼ xnþ1 � xn
1� bn

����
����:

Therefore

lim
n!1

jjxnþ1 � xnjj ¼ 0: ð26Þ

Step 3 We show that limn!1
����Awn � KF2

s Awn

���� ¼ 0 and limn!1 jjxn � ynjj ¼ 0:

From (14), we have
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jjxnþ1 � pjj2 ¼ jjanðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn � pjj2

¼ jjanðuþ cf ðxnÞ � ðI þ gBÞpÞ þ bnðxn � pÞ
þ ð1� bnÞðWnyn � pÞ � anðI þ gBÞðWnyn � pÞjj2

¼ jjanðuþ cf ðxnÞ � ðI þ gBÞpÞ þ bnðxn � pÞ þ bnðxn �WnynÞ
þ ðWnyn � pÞ � anðI þ gBÞðWnyn � pÞjj2

¼ jjanðuþ cf ðxnÞ � ðI þ gBÞpÞ þ bnðxn � pÞ þ bnðxn �WnynÞ
þ ðI � anðI þ gBÞðWnyn � pÞjj2

¼ jjanðuþ cf ðxnÞ � ðI þ gBÞpÞ þ bnðxn �WnynÞ þ ðI � anðI þ gBÞðWnyn � pÞjj2


 jjðI � anðI þ gBÞðWnyn � pÞ þ bnðxn �WnynÞjj2

þ 2anhðuþ cf ðxnÞ � ðI þ gBÞpÞ; xnþ1 � pi



h
jjðI � anðI þ gBÞjjjjyn � pjj þ bnjjxn �Wnynjj

i2
þ 2anhðuþ cf ðxnÞ � ðI þ gBÞpÞ; xnþ1 � pi



h
jjðI � anðI þ gBÞjjjjyn � pjj þ bnjjxn �Wnynjj

i2
þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj


 ð1� anðI þ glÞ2jjyn � pjj2 þ 2ð1� anðI þ glÞ2jjyn
� pjjbnjjxn �Wnynjj þ b2njjxn �Wnynjj2

þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj:

Since ð1� anðI þ glÞ\1; it implies that

jjxnþ1 � pjj2jjyn � pjj2 þ 2ð1� anðI þ glÞ2jjyn � pjjbnjjxn �Wnynjj þ b2njjxn �Wnynjj2

þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj:
ð27Þ

Again from (14) and Lemma 2.12(3), we have

jjyn � pjj2 ¼
����KF1

r

�
I � nA��I � KF2

s

�
A
�
wn � KF1

r p
����2



����wn � p� nA��I � KF2

s

�
Awn

����2

 jjwn � pjj2 � 2n

�
wn � p;A��I � KF2

s

�
Awn

�
þ n2

����A��I � KF2

s

�
Awn

����2
¼ 
 jjwn � pjj2 � 2n

�
Awn � Ap; ðI � KF2

s ÞAwn

�
þ n2

����A��I � KF2
s

�
Awn

����2:
ð28Þ

If we simplify the second term in (28), we have

�
Awn � Ap;

�
I � KF2

s

�
Awn

�
¼

�
Awn � KF2

s Awn;
�
Aw� KF2

s

�
Awn

�
þ
�
KF2

s Awn � Ap;
�
Aw� KF2

s

�
Awn

�
¼

����Awn � KF2
s Awn

����2 þ hKF2
s Awn � Ap;Aw� KF2

s Awni

¼
����Awn � KF2

s Awn

����2:
ð29Þ

Hence, (28) becomes
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jjyn � pjj2 
 jjwn � pjj2 � 2n
����Awn � KF2

s Awn

����2 þ n2jjA�ðI � KF2
s ÞAwn

����2

 jjwn � pjj2 � 2n

����Awn � KF2

s Awn

����2 þ n2jjAjj2
����Awn � KF2

s Awn

����2

 jjwn � pjj2 � nð2� njjAjj2Þ

����Awn � KF2

s Awn

����2:
ð30Þ

Substituting (30) in (27), we have

jjxnþ1 � pjj2 
 jjwn � pjj2 � nð2� n2jjAjj2Þ
����Awn � KF2

s Awn

����2
þ 2ð1� anðI þ glÞ2jjyn � pjjbnjjxn �Wnynjj
þ b2njjxn �Wnynjj2 þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj:

This implies

nð2� njjAjj2Þ
����Awn � KF2

s Awn

����2 
 jjwn � pjj2

þ 2ð1� anðI þ glÞ2jjyn � pjjbnjjxn �Wnynjj
þ b2njjxn �Wnynjj2 þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj
� jjxnþ1 � pjj2


 jjwn � xnþ1ðjjwn � pjj þ jjxnþ1 � pjjÞ
þ 2ð1� anðI þ glÞ2jjyn � pjjbnjjxn �Wnynjj
þ b2njjxn �Wnynjj2 þ 2anjjðuþ cf ðxnÞ
� ðI þ gBÞpÞjjjjxnþ1 � pjj:

ð31Þ

Now, we write xnþ1 ¼ anðuþ cf ðxnÞ � ðI þ nBÞWnynÞ þ bnðxn �WnynÞ þWnyn:
Then

jjxn �Wnynjj 
 jjxn � xnþ1jj þ jjxnþ1 �Wnynjj

 jjxn � xnþ1jj þ anjjuþ cf ðxnÞ � ðI þ nBÞWnynjj þ bnjjxn �Wnynjj


 1

1� bn
jjxn � xnþ1jj þ

an
1� bn

jjuþ cf ðxnÞ � ðI þ nBÞWnynjj:

From (26) and condition (C1) we obtain that

lim
n!1

jjxn �Wnynjj ¼ 0: ð32Þ

Also,

jjwn � xnþ1jj 
 jjwn � xnjj þ jjxn � xnþ1jj
¼ jjhnðxn � xn�1Þjj þ jjxn � xnþ1jj

 hnjjxn � xn�1jj þ jjxn � xnþ1jj:

Observe from condition (C3) that
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lim
n!1

jjwn � xnjj ¼ 0: ð33Þ

Then, from (26) and (33), we obtain that

lim
n!1

jjwn � xnþ1jj ¼ 0: ð34Þ

Thus by (34), (32) and condition (C1), we obtain that

lim
n!1

����Awn � KF2

s Awnjj ¼ 0: ð35Þ

Again,

jjyn � pjj2 ¼ KF1

r wn � nA��I � KF2

s

�
Awn � KF1

r p
�� ���� ��2


hKF1

r ðI � nA�ðI � KF2

s ÞAÞwn � KF1

r p; ðI � nA�ðI � KF2

s ÞAÞwn � pi
¼ hKF1

r ðI � nA�ðI � KF2
s ÞAÞwn � p; ðwn � nA�ðI � KF2

s ÞAwnÞ � pi
¼ hyn � p;wn � p� nA�ðI � KF2

s ÞAwni


 1

2

h
jjyn � pjj2 þ jjwn � pjj2 � jjyn � wnjj2 þ nA�ðI � KF2

s ÞAwnjj2
i


 1

2

h
jjyn � pjj2 þ jjwn � pjj2 �

�
jjyn � wnjj2 þ 2nhyn � wn;A

�ðI � KF2

s ÞAwni

þ n2jjA�ðI � KF2
s ÞAwn

����2�i:

This implies

jjyn � pjj2 
 jjwn � pjj2 � jjyn � wnjj2 þ 2nhwn � yn;A
�ðI � KF2

s ÞAwni: ð36Þ

Substituting (36) in (27), we have

jjxnþ1 � pjj2 
 jjwn � pjj2 � jjyn � wnjj2

þ 2nhwn � yn;A
�ðI � KF2

s ÞAwni
þ 2ð1� anðI þ glÞ2jjyn � pjjbnjjxn �Wnynjj þ b2njjxn �Wnynjj2

þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj:

This implies that

jjyn � wnjj2 
 jjwn � xnþ1jj
�
jjwn � pjj þ jjxnþ1 � pjj

�
þ 2n

�
wn � yn;A

��I � KF2

s

�
Awn

�
þ 2ð1� anðI þ glÞ2jjyn � pjjbnjjxn �Wnynjj þ b2njjxn �Wnynjj2

þ 2anjjðuþ cf ðxnÞ � ðI þ gBÞpÞjjjjxnþ1 � pjj:

Therefore, from (35), (32), (34) and condition (C1), we obtain that

lim
n!1

jjyn � wnjj ¼ 0: ð37Þ

Also,
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jjyn �Wnynjj 
 jjyn � wnjj þ jjwn � xnjj þ jjxn �Wnynjj:

Thus, from (32), (33) and (37), we obtain

lim
n!1

jjyn �Wnynjj ¼ 0: ð38Þ

From Lemma 2.7 and (38), we have

jjWyn � ynjj 
 jjWyn �Wnynjj þ jjWnyn � ynjj ! 0; as n ! 1: ð39Þ

Finally, from (32) and (38), we obtain

jjxn � ynjj 
 jjxn �Wnynjj þ jjWnyn � ynjj ! 0; as n ! 1: ð40Þ

Step 4 We show that lim supn!1huþ cf ðpÞ � ðI þ gBÞp; xn � pi ¼ lim
k!1

huþ
cf ðpÞ � ðI þ gBÞp; xnk � pi:

Since fxng is bounded, there exists a subsequence fxnkg of fxng which converges

weakly to x�:Then by (40),we get that ynk * x�:Thus, by (39), we get that x� 2 FðWÞ:
Now, we show that x� 2 GVMEPðF1;W1;U1;CÞ: Since yn ¼ KF1

r ðI � nA�ðI �
KF2
s ÞAÞwn; we have by Lemma 2.12 that there exists y 2 C such that

F1ðy; ynÞ þ ehW1ðwnÞ; y� yni þ U1ðyÞ � U1ðynÞ þ
e

r
hy� yn; yn � wni 2 P: ð41Þ

By the monotonicity of F1; it follows that

0 2 F1ðy; ynÞ �
n
U1ðyÞ � U1ðynÞ þ ehW1ðwnÞ; y� yni þ

e

n
hy� yn; yn � wni

o
þ P:

Now, let yt ¼ ð1� tÞx� þ ty for all t 2 ð0; 1	: Since y 2 X and x� 2 X; we obtain

that yt 2 X: Then by (41), we have

ehW1ðytÞ; yt � ynki 2 F1ðyt; ynkÞ �
�
U1ðytÞ � U1ðynkÞ

�
þ ehW1ðytÞ; yt � ynki

� ehW1ðwnkÞ; yt � ynki

� e

r
hyt � ynk ; ynk � wnki þ P; 8y 2 X

¼ F1ðyt; ynkÞ þ ehW1ðytÞ �W1ðwnkÞ; yt � ynki
�
�
U1ðytÞ � U1ðynkÞ

�
� e

r
hyt � ynk ; ynk � wnki þ P:

This implies that

ehW1ðytÞ; yt � ynki ¼ F1ðyt; ynkÞ þ ehW1ðytÞ
�W1ðynkÞ; yt � ynki þ ehW1ðynkÞ �W1ðwnkÞ; yt � ynki

� e

r
hyt � ynk ; ynk � wnki � ðU1ðytÞ � U1ðynkÞÞ þ P:

Using the properties of F1;W1 and the fact that jjynk � wnk jj ! 0; jjW1ðynkÞ �
W1ðwnkÞjj ! 0 and

jjW1ðynk Þ�W1ðwnk
Þjj

r ! 0 as k ! 1; we have
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ehW1ðytÞ; yt � x�i 2 F1ðyt; x�Þ þ U1ðx�Þ � U1ðytÞ þ P: ð42Þ

Using conditions (A1), (A4) and (A6), we get

tF1ðyt; yÞ þ ð1� tÞF1ðyt; x�Þ þ tU1ðyÞ þ ð1� tÞU1ðx�Þ � U1ðytÞ
2 F1ðyt; ytÞ þ U1ðytÞ � U1ðytÞ þ P ¼ P;

which gives rise to

�t
�
F1ðyt; yÞ þ U1ðyÞ � U1ðytÞ

�
� ð1� tÞ

�
F1ðyt; x�Þ þ U1ðx�Þ � U1ðytÞ

�
2 �P:

Using this and (42), we have

�t
�
F1ðyt; yÞ þ U1ðyÞ � U1ðytÞ

�
2 ð1� tÞ

�
F1ðyt; x�Þ þ U1ðx�Þ � U1ðytÞ

�
� P

2 ð1� tÞehW1ðytÞ; yt � x�i � P

and

�t
�
F1ðyt; yÞ þ U1ðyÞ � U1ðytÞ

�
� tð1� tÞehW1ðytÞ; yt � x�i 2 �P:

Therefore, it follows that

F1ðyt; yÞ þ U1ðyÞ � U1ðytÞ þ ð1� tÞehW1ðytÞ; y� x�i 2 P:

Letting t ! 0; we get

F1ðx�; yÞ þ U1ðyÞ � U1ðx�Þ þ ehW1ðx�Þ; y� x�i 2 P;

and so, x� 2 GVMEP 2 ðF1;W1;U1;CÞ:
Since A is a bounded linear operator, we have that xnk * x� implies that Axnk *

Ax�: It follows from (35) and (33) that KF2
s Awnk * Ax� as k ! 1: By definition of

KF2
s Awnk ; we get by Lemma 2.12 that there exists a point y 2 H2 such that

F2

�
KF2

s Awn; y
�
þ
�
W2

�
KF2

s Awn

�
; y� Awnk

�
þ U2ðyÞ � U2ðAwnkÞ

þ e

s

�
y� KF2

s Awnk ;K
F2
s Awnk � Awnk

�
2 Q; 8y 2 H:

Since F2 is upper semicontinuous, following the same argument as above, we have

by (35) that

F2ðAx�; yÞ þ U2ðyÞ � U2ðAx�Þ þ ehW2ðAx�Þ; y� Ax�i 2 D; 8y 2 H2:

This implies that Ax� 2 GVMEPðF2;W2;U2;QÞ: Therefore x� 2 SGVMEP and

hence x� 2 C:
Since p ¼ PCðuþ cf ðpÞ � gBpÞ; then we have

lim sup
n!1

huþ ðcf � ðI þ gBÞÞp; xn � pi ¼ lim
k!1

huþ ðcf � ðI þ gBÞÞp; xnk � pi:

¼ huþ ðcf � ðI þ gBÞÞp; x� � pi
 0:

Step 5 We show that fxng converges strongly to p. Observe from (14) and Lemma

2.1 that
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jjxnþ1 � pjj2 ¼ jjanðuþ cf ðxnÞ � ðI þ gBÞpÞ þ bnðxn � pÞ
þ
�
ð1� bnÞI � anðI þ gBÞ

�
ðWnyn � pÞjj2


 jjbnðxn � pÞ þ
�
ð1� bnÞI � anðI þ gBÞ

�
ðWnyn � pÞjj2

þ 2anhuþ cf ðxnÞ � ðI þ gBÞp; xnþ1 � pi


�
bnjjxn � pjj

þ jjð1� bnÞI � anðI þ gBÞðWnyn � pÞjj
�2 þ 2anhcf ðxnÞ � cf ðpÞ; xnþ1 � pi

þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
bnjjxn � pjj þ jjð1� bnÞI � anðI þ gBÞðWnyn � pÞjj

�2
þ 2anckhxn � p; xnþ1 � pi
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
bnjjxn � pjj þ jjð1� bnÞI � anðI þ gBÞðWnyn � pÞjj

�2
þ 2anckhxn � p; xnþ1 � pi
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
bnjjxn � pjj þ ð1� bnÞ � anð1þ glÞjjWnyn � pjj

�2
þ 2anckjjxn � pjjjjxnþ1 � pjj
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
bnjjxn � pjj þ ð1� bnÞ � anð1þ glÞjjwn � pjj

�2
þ 2anckjjxn � pjjjjxnþ1 � pjj
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
bnjjxn � pjj þ ð1� bnÞ � anð1þ glÞðjjxn � pjj

þ hnjjxn � xn�1jjÞ
�2

þ anck
�
jjxn � pjj2 þ jjxnþ1 � pjj2

�
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
ð1� anð1þ glÞÞjjxn � pjj

þ hnð1� bn � anð1þ glÞÞjjxn � xn�1jj
�2

þ anck
�
jjxn � pjj2

þ jjxnþ1 � pjj2
�
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi



�
ð1� anð1þ glÞÞjjxn � pjj þ hnjjxn � xn�1jj

�2 þ anck
�
jjxn � pjj2

þ jjxnþ1 � pjj2
�

þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi

 ð1� anð1þ glÞÞ2jjxn � pjj2

þ 2hnð1� anð1þ glÞÞhxn � p; xn � xn�1i þ h2njjxn � xn�1jj2

þ anck
�
jjxn � pjj2 þ jjxnþ1 � pjj2

�
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi


 ð1� anð1þ glÞÞ2jjxn � pjj2

þ 2hnð1� anð1þ glÞÞjjxn � pjjjjxn � xn�1jj þ h2njjxn � xn�1jj2

þ anck
�
jjxn � pjj2 þ jjxnþ1 � pjj2

�
þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi:

This implies that
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ð1� anckÞjjxnþ1 � pjj2 
 ð1� anð1þ glÞÞ2jjxn � pjj2

þ 2hnð1� anð1þ glÞÞjjxn � pjjjjxn � xn�1jj
þ h2njjxn � xn�1jj2 þ anckjjxn � pjj2

þ 2anhuþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi

¼ 1� anð1þ glÞ2

1� anck
jjxn � pjj2

þ 2hnð1� anð1þ glÞÞ
1� anck

jjxn � pjjjjxn � xn�1jj þ
h2n

1� anck
jjxn � xn�1jj2

þ anck
1� anck

jjxn � pjj2 þ 2an
1� anck

huþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi


 1� 2ðanð1þ glÞ � ckÞ
1� anck

jjxn � pjj2

þ ðanð1þ gÞlÞ2

1� anck
jjxn � pjj2 þ 2hnð1� anð1þ glÞÞ

1� anck
jjxn � pjjjjxn � xn�1jj

þ h2n
1� anck

jjxn � xn�1jj2 þ
2an

1� anck
huþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi


 1� 2ðanð1þ glÞ � ckÞ
1� anck

jjxn � pjj2 þ 2ðanð1þ glÞ � ckÞ
1� anck

�
"

ðanð1þ gÞlÞ2

2anð1þ gÞl� ck
jjxn � pjj2 þ hnð1� anð1þ glÞÞ

anð1þ gÞl� ck
jjxn � pjjjjxn � xn�1jj

þ h2n
2anð1þ gÞl� ck

jjxn � xn�1jj2 þ
1

anð1þ gÞl� ck
huþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi

#

¼ 1� 2ðanð1þ glÞ � ckÞ
1� anck

jjxn � pjj2 þ 2ðanð1þ glÞ � ckÞ
1� anck

"
anð1þ gÞ2l2
2ð1þ gÞl� ck

M6

þ hnð1� anð1þ glÞÞ
anð1þ gÞl� ck

jjxn � pjjjjxn � xn�1jj þ
h2n

2anð1þ gÞl� ck
jjxn � xn�1jj2

þ 1

anð1þ gÞl� ck
huþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi

#

¼ ð1� rnÞjjxn � pjj2 þ rnjn;

where M6 ¼ supn� 1fjjxn � pjj2g; rn ¼ 2ðanð1þglÞ�ckÞ
1�anck

and

jn ¼
"

anð1þ gÞ2l2
2ð1þ gÞl� ck

M6 þ
hnð1� anð1þ glÞÞ
anð1þ gÞl� ck

jjxn � pjjjjxn � xn�1jj

þ h2n
2anð1þ gÞl� ck

jjxn � xn�1jj2

þ 1

anð1þ gÞl� ck
huþ cf ðpÞ � ðI þ gBÞp; xnþ1 � pi

#
:

Therefore, by Lemma 2.9, we conclude that the sequence fxng converges strongly to
the point p 2 C: This completes the proof. h
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Next, we give some consequences of our main result.

If W1 ¼ W2 � 0; we obtain the following result:

Corollary 3.2 Let C and Q be nonempty, compact, convex subset of real Hilbert
spaces H1 and H2 respectively. Assume that P and D are closed, convex cones of
real Hausdorff topological spaces Y and Z with e and d fixed points in P and D
respectively. Let A : H1 ! H2 be a bounded linear operator with adjoint A� and
Ti ! C be a finite family of nonexpansive mappings, i ¼ 1; 2; . . .;N: Let F1 :
C � C ! Y; F2 : Q� Q ! Z; U1 : C ! Y and U2 : Q ! Z be functions satisfying
assumptions (A1)-(A7). Let f be a contraction of H1 into itself with coefficient

k 2 ð0; 1Þ and B be a strongly positive linear bounded operator. Assume that C ¼
\N
i¼1FixðTiÞ \ SGMVEPðF1;U1;F2;U2Þ 6¼ ;: Let the sequences fwng; fyng and

fxng be generated iteratively by u; x0; x1 2 H1 and

wn ¼ xn þ hnðxn � xn�1Þ
yn ¼ KF1

r ðI � nA�ðI � KF2
s ÞAÞwn

xnþ1 ¼ anðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn;

8><
>: ð43Þ

where fang and fbng are two real sequences in [0, 1], r; s[ 0; c\ ð1þgÞl
k and

fhng � ½0; h	 with h 2 ½0; 1Þ satisfying the following conditions:

(C1) lim
n!1

an ¼ 0; and
P1
n¼1

an ¼ 1;

(C2) 0\ lim inf
n!1

bn\ lim inf
n!1

bn\1

(C3)
P1
n¼1

jknþ1 � knj\1; and
P1
n¼1

hnjjxn � xn�1jj\1:

Then the sequence fxng converges strongly to a point

x� ¼ PCðuþ cf ðx�Þ � gBx�Þ 2 C:

If c ¼ 0 in Algorithm 14, we obtain the following result:

Corollary 3.3 Let C and Q be nonempty, compact, convex subset of real Hilbert
spaces H1 and H2 respectively. Assume that P and D are closed, convex cones of
real Hausdorff topological spaces Y and Z with e and d fixed points in P and D
respectively. Let A : H1 ! H2 be a bounded linear operator with adjoint A� and
Ti ! C be a finite family of nonexpansive mappings, i ¼ 1; 2; . . .;N: Let F1 :
C � C ! Y; F2 : Q� Q ! Z; U1 : C ! Y and U2 : Q ! Z be functions satisfying
assumptions (A1)-(A7). Let W1 : C ! H1 and W2 : Q ! H2 be b1 and b2 inverse

strongly monotone mappings respectively and B be a strongly positive linear

bounded operator defined as in Lemma 2.2. Assume that C ¼ \N
i¼1FixðTiÞ \

SGMVEPðF1;U1;W1;F2;U2;W2Þ 6¼ ;: Let the sequences fwng; fyng and fxng be

generated iteratively by u; x0; x1 2 H1 and
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wn ¼ xn þ hnðxn � xn�1Þ
yn ¼ KF1

r ðI � nA�ðI � KF2
s ÞAÞwn

xnþ1 ¼ anuþ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn;

8><
>: ð44Þ

where fang and fbng are two real sequences in [0, 1], r; s[ 0 and fhng � ½0; h	
with h 2 ½0; 1Þ satisfying the following conditions:

(C1) lim
n!1

an ¼ 0; and
P1
n¼1

an ¼ 1;

(C2) 0\ lim inf
n!1

bn\ lim inf
n!1

bn\1

(C3)
P1
n¼1

jknþ1 � knj\1; and
P1
n¼1

hnjjxn � xn�1jj\1:

Then the sequence fxng converges strongly to a point x� ¼ PCðu� gBx�Þ 2 C:

For approximating a common solution of split generalized mixed equilibrium and

fixed point of finite family of nonexpansive mappings in real Hilbert spaces. We set

Y ¼ Z ¼ R;P ¼ D ¼ ½0;1Þ and e ¼ 1; in Theorem 3.1. We state the following

theorem and omit the proof.

Theorem 3.4 Let C and Q be nonempty, convex subset of real Hilbert spaces H1

and H2 respectively. Let A : H1 ! H2 be a bounded linear operator with adjoint A�

and Ti ! C be a finite family of nonexpansive mappings, i ¼ 1; 2; . . .;N: Let F1 :
C � C ! R; F2 : Q� Q ! R; U1 : C ! R and U2 : Q ! R be functions satisfying
assumptions (A1)-(A7). Let W1 : C ! H1 and W2 : Q ! H2 be b1 and b2 inverse

strongly monotone mappings respectively. Let f be a contraction of H1 into itself

with coefficient k 2 ð0; 1Þ and B be a strongly positive linear bounded operator

defined as in Lemma 2.2. Assume that C ¼ \N
i¼1FixðTiÞ \

SGMVEPðF1;U1;W1;F2;U2;W2Þ 6¼ ;: Let the sequences fwng; fyng and fxng be

generated iteratively by u; x0; x1 2 H1 and

wn ¼ xn þ hnðxn � xn�1Þ
yn ¼ KF1

r ðI � nA�ðI � KF2
s ÞAÞwn

xnþ1 ¼ anðuþ cf ðxnÞÞ þ bnxn þ ½ð1� bnÞI � anðI þ gBÞ	Wnyn;

8><
>: ð45Þ

where fang and fbng are two real sequences in [0, 1], r; s[ 0; c\ ð1þgÞl
k and

fhng � ½0; h	 with h 2 ½0; 1Þ satisfying the following conditions:

(C1) lim
n!1

an ¼ 0; and
P1
n¼1

an ¼ 1;

(C2) 0\ lim inf
n!1

bn\ lim inf
n!1

bn\1

(C3)
P1
n¼1

jknþ1 � knj\1; and
P1
n¼1

hnjjxn � xn�1jj\1:

Then the sequence fxng converges strongly to a point

x� ¼ PCðuþ cf ðx�Þ � gBx�Þ 2 C:
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4 Numerical example

In this section, we give some numerical illustrations to support Theorem (3.4).

Example 4.1 Let H1 ¼ H2 ¼ C ¼ Q ¼ ‘2 be the space of all square summable

sequences of scalars, i.e

‘2 ¼ x ¼ ðx1; x2; . . .; xi; . . .Þ and
X1
i¼1

jxij2\1
( )

;

when an inner product h�; �i : ‘2 � ‘2 ! R defined by hx; yi ¼
P1
i¼1

xiyi; where x ¼

fxig1i¼1; y ¼ fyig1i¼1 2 ‘2 and jj � jj : ‘2 ! R defined by jjxjj2 ¼
�P1
i¼1

jxij2
�1
2; where

x ¼ fxig1i¼1 2 ‘2: Let the mapping A : ‘2 ! ‘2 be defined by Ax ¼
�
x1
5
; x2
5
; . . .; xi

5
. . .

�
for all x ¼ fxig1i¼1 2 ‘2; then Ay ¼

�
y1
5
; y2
5
; . . .; yi

5
. . .

�
for all y ¼ fyig1i¼1 2 ‘2: Let

F1;F2 : ‘2 � ‘2 ! R be defined by

F1ðx; yÞ ¼ �x2 þ y2; 8x ¼ fxig1i¼1; y ¼ fyig1i¼1 2 ‘2;

and

F1ðx; yÞ ¼ �2x2 þ xyþ y2; 8x ¼ fxig1i¼1; y ¼ fyig1i¼1 2 ‘2:

Let the mapping W1;W2 : ‘2 ! ‘2 be defined by W1x ¼
�
x1
5
; x2
5
; . . .; xi

5
. . .

�
8x ¼

fxig1i¼1 2 ‘2 and W2x ¼
�
x1
4
; x2
4
; . . .; xi

4
. . .

�
8x ¼ fxig1i¼1 2 ‘2 respectively. Let the

mapping Ti : ‘2 ! ‘2; i ¼ 1; 2; . . .;N; be defined by Tix ¼�
5ix1
7iþ1

; 5ix2
7iþ1

; . . .; 5ixi
7iþ1

. . .
�
8x ¼ fxig1i¼1 2 ‘2 and r ¼ 1; s ¼ 0:5; g ¼ 0:5: Let x0 ¼

ðx10; x20; . . .; xi0. . .Þ; x1 ¼ ðx11; x21; . . .; xi1. . .Þ; yn ¼ ðy1n; y2n; . . .; yin; . . .Þ; and u ¼
ðu1; u2; . . .; ui. . .Þ 2 ‘2: By the definition of yn 2 C and Lemma 2.12 we obtain

0
F1ðyn; yÞ þ hW1ðynÞ; y� yni þ UðynÞ � UðyÞ þ 1

r
hy� yn; yn � wni

¼ �y2n þ y2 þ yn
5
ðy� ynÞ þ ðyn � wnÞ

¼ �y2n �
y2n
5
� y2n þ

yny

5
þ ynyþ ynwn þ y2 þ ywn

¼ y2 þ 6yn
5

� wn

� 

y� 11y2n

5
� wnyn:

ð46Þ

Suppose (46) is a quadratic inequality such that a ¼ 1; b ¼ 6zn
5
� wn

� �
and c ¼

11y2n
5

� wnzn: Then, the discriminant D ¼ b2 � 4ac is
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D ¼ 6yn
5

� wn

� 
2

�4 � 11y2n
5

� wnyn

� 


¼ 256

25
y2n �

32

5
ynwn þ w2

n

¼ 16

5
yn � wn

� 
2

:

This implies that yn ¼ 5
16
wn: Now, we proceed to compute vn ¼ KF2

s Awn: Again, by

Lemma 2.12, we have

0
F2ðvn; yÞ þ hW2ðvnÞ; y� vni þ U2ðyÞ � U2ðvnÞ þ
1

s
hy� vn; vn � Awni; 8y 2 Q:

Given that

f2ðu; vÞ ¼ 2u� 10uvþ 10u2 � 2v;W2ðuÞ ¼
u

5
; and W2ðuÞ ¼

u

2
;

then

0
 2vn � 10vnyþ 10v2n2yþ hvn
5
; y� vni þ U2ðyÞ � U2ðvnÞ þ

1

s
hy� vn; vn � Awni

¼ 2vn � 10vnyþ 10v2n2yþ
vn
5
ðy� vnÞ þ y� vn þ

1

s
ðy� vnÞðvn � AwnÞ

¼ �2ðy� vnÞ � 10vnðy� vnÞ þ
vn
5
ðy� vnÞ þ y� vn þ

1

s
ðy� vnÞðvn � AwnÞ

¼ ð�2� 10vnÞðy� vnÞ þ
vn
5
ðy� vnÞ þ y� vn þ

1

s
ðy� vnÞðvn � AwnÞ:

This implies

ð�2� 10vnÞ þ
vn
5
þ 1þ vn � Awn

s
¼ 0

�2� 10vn þ
vn þ 5

5
þ vn þ Awn

s
¼ 0

�10� 50vn þ vn þ 5

5
þ vn � Awn

s
¼ 0

�49vn � 5

5
þ vn � Awn

s
¼ 0

�49vns� 5sþ vn � Awn ¼ 0:

ð47Þ

Hence, we obtain from (47) that vn ¼ Awnþ5s
1�49s : Take B ¼ I; c ¼ 1; f ¼ 1

10
x; an ¼

1
2n2þ2

; bn ¼ 1
3nþ1

and hn ¼ n�1
3nþ1

: Let fwng; fyng and fxng be generated by Algo-

rithm 45 as follows
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wn ¼ xn þ
n� 1

3nþ 1
ðxn � xn�1Þ

yn ¼ KF1

0:5ðI � 0:5A�ðI � KF2

1 ÞAÞwn

xnþ1 ¼
1

2n2 þ 2
ðuþ 1

10
xnÞ þ

1

3nþ 1
xn þ ½ð1� 1

3nþ 1
xnÞI �

1

2n2 þ 2
ðI þ 0:3IÞ	Wnyn;

8>>>><
>>>>:

ð48Þ

for all n� 1; wn ¼ ðw1
n;w

2
n. . .;w

i
n; . . .Þ; yn ¼ ðy1n; y2n. . .; yin; . . .Þ and xn ¼

ðx1n; x2n. . .; xin; . . .Þ: Clearly, F1;F2;W1;W2; and f satisfying the assumptions in

Theorem 3.4. Also, we have \N
i¼1FixðTiÞ \ SGVMEPðF1;U1;W1;F2;U2;W2Þ ¼

f0g; we conclude that fwng; fyng and fxng converge strongly to 0. We shall omit

the computer programming in this instance.
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Fig. 1 Errors vs iteration numbers (n): Case 1 (top left); Case 2 (top right); Case 3 (bottom left); Case 4
(bottom right)
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Example 4.2 Let H1 ¼ H2 ¼ C ¼ Q ¼ R with an an inner product h�; �i : R� R !
R defined by hx; yi ¼ x � y where x; y 2 R: Let the mapping A : R ! R be defined

by Ax ¼ 2x� 1; for all x 2 R; then A�z ¼ 2zþ 18z 2 R: Let Ti : R ! R; i ¼
1; 2; . . .;N be defined by Ti ¼ 2ix

3iþ1
; 8x 2 R: Let F1;F2 : R� R ! R be defined by

F1ðx; yÞ ¼ �x2 þ y2; 8x; y 2 R;

and

F1ðx; yÞ ¼ �2x2 þ xyþ y2; 8x; y 2 R:

Let the mapping W1;W2 : R ! R be defined by W1x ¼ x
5
8x 2 R and W2x ¼ x

4
8x 2

R respectively. Then as in Example 4.1 above, we can find yn 2 C and vn 2 Q

respectively, such that yn ¼ 5
16
wn and vn ¼ Awnþ5s

1�49s : Take u ¼ 0;B ¼ I; c ¼ 1; f ¼
1
10
x; an ¼ 1

2n2þ2
; bn ¼ 1

3nþ1
and hn ¼ n�1

3nþ1
: We vary the initial values of x0 and x1

and then plot the graph of errors against number of iterations (Fig. 1).

Case 1: x0 ¼ 0:5 and x1 ¼ 0:2; Case2 : x0 ¼ �0:5 and x1 ¼ 1;
Case 3: x0 ¼ �1 and x1 ¼ 0:5 Case4 : x0 ¼ 2 and x1 ¼ 2:
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