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SUZUKI-TYPE FIXED POINT RESULTS IN G,-METRIC SPACES.

1 A. A. MEBAWONDU AND 20. T. MEWOMO

ABSTRACT. In this paper, we prove some fixed point theorems for a new type of generalized contractive mappings
involving C-class function, a‘g-admissible type mapping and Suzuki type mappings in the frame work of complete
Gy-metric spaces. The results obtained in this work generalizes and improves some fixed point results in the
literature.

1. INTRODUCTION AND PREMILINARIES

Banach contraction principle [4] can be seen as the pivot of the theory of fixed point and its applications. The
theory of fixed point plays an important role in nonlinear functional analysis and it is very useful for showing
the existence and uniqueness theorems for nonlinear differential and integral equations. The importance of the
Banach contraction principle cannot be over emphasized in the study of fixed point theory and its applications.
The Banach contraction principle have been extended and generalized by researchers in this area by considering
classes of nonlinear mappings and spaces which are more general than the class of a contraction mappings
and metric spaces (see [1, 8, 18, 28, 25] and the references therein). For example, Geraghty [12] introduced a
generalized contraction mapping called Geraghty-contraction and established the fixed point theorem for this
class of contraction mappings in the frame work of metric spaces. We recall that for a metric space (X, d), a
mapping T : X — X is said to be an a-contraction if there exists o € [0,1) such that

(1.1) d(Tz, Ty) < ad(z,y), V z,y€X.

Definition 1.1. [12] Let (X, d) be a metric space. A mapping T : X — X is called a Geraghty-contraction
mapping if

(1.2) d(Tz, Ty) < ¢(d(x,y))d(z,y)

for all z,y € X, where ¢ : RT™ — [0, 1) satisfies the following condition:

o(tn) =1 as n—ooo=t,—0 as n— oco.

The following is the result of Geraghty [12].

Theorem 1.2. Let (X,d) be a complete metric space and T : X — X be a self map that satisfies condition
(1.2). Then T has a unique fized point x* € X such that for each x € X, lim,,_,oo T"x = z*.

Jaggi [14] introduced a class of contraction mappings involving rational expressions and proved some fixed point
results for this class of mappings. Khan et al. [17] introduced the concept of alternating distance function,
which is defined as follows: A function ¢ : RT — RT is called an alternating distance function if the following
conditions are satisfied:

(1) ¥(0) =0,
(2) ¢ is monotonically nondecreasing,
(3) 1 is continuous.

They established the following result.

Theorem 1.3. Let (X, d) be a complete metric space, ¥ an altering distance function, and T : X — X be a self
mapping which satisfies the following condition

(1.3) Y(d(Tx, Ty)) < 6¢(d(z,y))

Key words and phrases. Suzuki mapping; fixed point; Gp-metric space, ag—admissble mapping, triangular oag—admissble mapping,
C-class function.
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for all z,y € X, where 6 € (0,1). Then T has a unique fized point.
Remark 1.4. Clearly, if we take ¢(x) = z, for all z € X in (1.3), we obtain condition (1.1).

Using the concept of alternating distance function Rhoades [23], Dutta et al. [11] and Doric [10] established
some fixed points results for weak contraction and generalized contraction mappings in the frame work of metric
spaces. We recall that for a metric space (X, d), a mapping T : X — X is said to be weakly contractive if for all
z,y € X

d(T:L‘, Ty) < d(.’L’, y) - w(d(ﬂf» y))’
1 1 [0,00) — [0,00) is continuous and nondecreasing such that ¢ (t) = 0 if and only if ¢ = 0.

Theorem 1.5. [23] Let (X, d) be a complete metric space and T a weakly contractive map. Then T has a unique
fixed point.

Theorem 1.6. [11] Let (X, d) be a complete metric space. Suppose the mappings T : X — X satisfying

(1.4) P(d(Tz,Ty)) < P(d(z,y)) — o(d(z,y))
for all x,y € X, where 1, ¢ are alternating distance functions. Then T has a fized point.

Theorem 1.7. [10] Let X be a complete metric space and T : X — X be a mapping satisfying the inequality
(1.5) P(d(Tz,Ty)) < b(M(z,y)) — o(M(z,y)),

where M (z,y) = max{d(;v,y),d(m,Tx),d(y,TyLW}, ¥ an alternating distance function and ¢ :
[0,00) = [0,00) is a lower semi-continous function with ¢(t) =0 if and only if t = 0. Then T has a unique fixed
point.

In 2008, Suzuki [31] introduced the concept of mappings satisfying condition (C) which is also known as Suzuki-
type generalized nonexpansive mapping and he proved some fixed point theorems for such class of mappings.

Definition 1.8. Let (X, d) be a metric space. A mapping T : X — X is said to satisfy condition (C) if for all
z,y € X,

%d(m,Tx) <d(z,y) = d(Tz,Ty) < d(z,y).

Theorem 1.9. Let (X,d) be a compact metric space and T : X — X be a mapping satisfying condition (C) for
all x,y € X. Then T has a unique fized point.

Samet et al. [26] introduced the notion of a-admissible mapping and obtain some fixed point results for this
class of mappings.

Definition 1.10. [26] Let o : X x X — [0,00) be a function. We say that a self mapping T': X — X is
a-admissible if for all z,y € X,

alz,y) > 1= a(Tz,Ty) > 1.

Definition 1.11. [16] Let 7': X — X and o : X x X — [0,00) be mappings. We say that T is a triangular
a-admissible if

(1) T is a-admissible and
(2) a(z,y) > 1and a(y,z) > 1= a(z,z) > 1 for all z,y,2 € X.

Theorem 1.12. [26] Let (X, d) be a complete metric space and T : X — X be an a-admissible mapping. Suppose
that the following conditions hold:

(1) for all x,y € X, we have a(z,y)d(Tz,Ty) < ¥(d(z,y)), where ¥ : [0,00) — [0,00) is a nondecreasing
function such that Y~ Y™ (t) < co for all t > 0;

(2) there exists xg € X such that a(xg, Txo) > 1;

(3) either T is continuous or for any sequence {x,} in X with a(zy,Tpe1) > 1 for alln >0 and z, — x as
n — oo, then a(z,,z) > 1.

Then T has a fized point.
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One of the interesting generalization of metric spaces is the concept of b-metric spaces introduced by Czerwik
in [9]. He established the Banach contraction principle in this frame work with the fact that b need not to be
continuous. Thereafter, several results has been extended from metric spaces to b-metric spaces, more so, a
lot of results on the fixed point theory of various classes of mappings in the frame work of b-metric spaces has
been established by different researchers in this area (see[7, 9, 35] and the references therein). For example in
[30], Sintunavarat introduced the concept of a-admissible mapping type S as a generalization of a-admissible
mapping. He further established some proved fixed point theorems based on his new types of a-admissibility in
the frame work of b-metric spaces

Definition 1.13. [30] Let X be a nonempty set and s > 1 be a given real number. Let o : X x X — [0,00)
and T : X — X be mappings. The mapping T is said to be an a-admissible mapping type S if for all z,y € X

a(z,y) > s = a(Tz,Ty) > s.
Remark 1.14. Clearly, if s = 1, we obtain Defintion 1.10.

Mustafa and Sims [19] introduced, the concept of generalized metric space (G — metric) and they established
some fixed point theorem in the frame work of complete G-metric spaces.

Definition 1.15. Let X be a nonempty set and G : X x X x X — R be a function satisfying the following
properties

(1) G(z,y,2) =0if and only if z = y = 2,

(2) 0< @G J;J;y)foralla:yEXwithx;éy,

3) G(z,x, y)<G(m y,z) for all z,y,z € X with z # y,

4) G(z,z,y) =Gz, 2,y) = G(y,z,2) = -+, (symmetry in all the three variables),
(5) G(:c y, z) < G(z,a,a) + G(a,y, z) for all z,y,z,a € X.

The function G is called a G-metric on X and the pair (X, G) is called a G-metric space.

Motivated by the concept of b-metric spaces [9], Aghajani et al. in [2], introduced the notion of generalized
b-metric space (G, — metric spaces), presented some properties of Gj-metric spaces and prove some coupled
coincidence fixed point theorems for (1, p)-weakly contractive mappings in the frame work of partially ordered
Gyp-metric spaces.

Definition 1.16. [2] Let X be a nonempty set and s > 1 be a given real number.Suppose that G, : X x X x X —
RT be a function satisfying the following properties

Gy(x,y,z) =0 if and only if x =y = 2,

0 < Gp(z,x,y) for all z,y € X with z # y,

Gy(x,z,y) < Gp(z,y,2) for all z,y,z € X with z # y,

Gy(z,z,y) = Gp(p{x, z,y}), where p is a permutation of z,y, z (symmetry),
G

(1
(2
(3
(4
( v(z,y, 2) < sGp(x,a,a) + sGp(a,y, z) for all z,y,z,a € X.

)
)
)
)
5)

The function G, is called a generalized b-metric and the pair (X, Gp) is called a generalized b-metric space
(Gp — metric space).

Example 1.17. Let X =R and d(z,y) = |z — y|>. It is well known that (X, d) is a b-metric space with s = 2.
Let Gy(z,y, z) = d(z,y) + d(y, z) + d(z,x), it is easy to see that (X, Gp) is not Gp-metric space. However, if we
define Gyp(z,y, z) = max{d(x,y),d(y, z),d(z,z)} is a Gp-metric space.

Definition 1.18. [2] A Gp-metric space is said to be symmetric if Gy(z,y,y) = Gp(y, z, x) for all z,y € X.
Proposition 1.19. [2] Let X be a Gy-metric space. Then for each x,y,z,a € X, it follows that

(1) Gb(mvya ) =0 then x = Y=z,

(2) Gy(z,y,2) < sGy(z,z,y) + sGp(x, 7, 2),
(3> Gb(flf' Y, y) < 23Gb(y,$,$>7

(4) Gy(,y,2) < sGy(x,a,z) + sGy(a,y, 2).

Definition 1.20. [2] Let X be a Gp-metric space. A sequence {z,} in X is said to be;

(1) Gp-Cauchy if for each € > 0 there exists a positive integer ng such that for all m, n,l > ng, Gp(n, Tm, 1) <
€
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(2) Gp-convergent to a point z € X, if for € > 0 there exists a positive integer ng such that for all m,n >
1o, Go(Zn, Tm, x) < €. That is limy, 0o Go(Tn, Tm, ) = 0. We call x the limit of the sequence {z,}
and write x,, — x or lim,,_, =, = T.

Definition 1.21. [2] A Gp-metric space is called Gp-complete, if every G-Cauchy sequence is Gp-convergent in
X.

Proposition 1.22. [2] Let (X,G}) be a Gy-metric space. The following statement are equivalent

(1) @, is Gp-convergent to x;
(2) Gp(zp,Tn,x) = 0 as n — oo;
(3) Go(zpn,z,2) = 0 as n — oo;
(4) Gy(zp, Tm,x) = 0 as m,n — oo.
Proposition 1.23. [2] Let (X, Gy) be a Gy-metric space. The following statement are equivalent:

(1) {xn} is Gp-Cauchy sequence.
(2) Gy(zm,Tn,xn) = 0 as n,m — oo.

Definition 1.24. Let X be a nonempty set, T: X — X and a: X x X x X — [0,00) be mappings. Then T is
called a-admissible if for all z,y,z € X with a(z,y,z) > 1 implies a(Tz, Ty, Tz) > 1.

Definition 1.25. Let X be a nonempty set, T: X — X and a: X x X x X — [0,00) be mappings. Then T is
called triangular a-admissible if

(1) T is a-admissible,
(2) a(z,a,a) > 1 and a(a,y, z) > 1 implies a(z,y,2) > 1,

for all z,y,z,a € X.

Definition 1.26. Let X be a nonempty set with s > 1 a given real number. a : X x X x X — [0,00) and
T : X — X be mappings. We say that T is a-admissible type S if for all z,y, z € X with a(z,y, z) > s implies
a(Tz, Ty, Tz) > s.

Definition 1.27. Let X be a nonempty set with s > 1 a given real number. T: X - X anda: X x X x X —
[0,00) be mappings. We say that T is called triangular a-admissible type S if

(1) T is a-admissible type S,
(2) a(x,a,a) > s and a(a,y, z) > s implies a(x,y, z) > s,

for all z,y,z2,a € X.

In 2014, Ansari [3] introduced the notion of C-class function, he proved some fixed point results using the concept
of C-class function and also established that the C-class function is a generalization of a whole lot of contractive
conditions.

Definition 1.28. [3] A mapping F : [0,00)? — R is called a C-class function if it is continous and the following
axioms holds:

(1) F(s,t) <sforall s,t €[0,00);
(2) F(s,t) = s implies either s =0 or ¢t = 0.

We denote C the family of C-class functions. For details about C-class function see [3].

Example 1.29. The following functions F : [0,00)? — R defined for all s,¢ € [0,00) by

(1) F(s,t) =s—t, F(s,t) = s implies t = 0;
(2) F(s,t) =ms, 0 <m <1, F(s,t) = s implies s = 0;
(3) F(s,t) =spB(s), B:]0,00) = [0,1) is a continuous function, F(s,t) = s implies s = 0.

Motivated by the research works described above, our purpose in this paper is to introduce the notion of ag—
admissible type mapping, triangular o’-admissible type mapping and using the concept of C-class function, we
prove some fixed point results for al-Suzuki type rational contraction mappings in the frame work of complete
Gp-metric spaces.
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2. MAIN RESULT

In this section, we introduce the notion of a’-Suzuki contraction type mappings and established the existence
and uniqueness results of the fixed point for this class of mappings.

We start by establishing some results that will be used in the proof of our main result.

Definition 2.1. Let X be a nonempty set with s,§ > 1 a given real number. o : X x X x X — [0,00) and
T : X — X be mappings. We say that T is a’-admissible type mapping if for all z,y, 2 € X with a(z,y,2) > s°
implies o(Tz, Ty, Tz) > s°.

Definition 2.2. Let X be a nonempty set with s > 1 and § > 1 a given real number. 7 : X — X and
a:X x X x X — [0,00) be mappings. We say that T is called triangular a’-admissible type mapping if

(1) T is a’-admissible type mapping,
(2) a(z,a,a) > s° and a(a,y, z) > s implies a(x,y, z) > %,

for all z,y, z,a € X.

Remark 2.3. If s = 1, we recovery Definition 1.24 and 1.25 in both cases. More so, if 6 = 1, we recovery
Definition 1.26 and 1.27 in both cases.

Lemma 2.4. Let X be a nonempty set and T be a triangular ol-admissible mapping. Assume that there
exists g € X, such that a(xg, Txg, Txg) > s°. Suppose the sequence {x,} is defined by x,.1 = Tx,, then
&(Zyn, T, ) > 8° for all m,n € N.

Proof. Since T is triangular as-admissible mapping and there exists 29 € X such that a(zq, Txo, Tzo) > 8%, we
then have that a(z1, 2o, 22) = a(Tzg, Txy, Tx1) > s°, continuing the process we have that a(z,, Zp i1, Tpi1) >
s for all n € N U {0}. Now, suppose that m < n for all m,n € N, since a(Zy,Tmi1,Tmy1) > s° and

(Tt 1, Tmi2, Tmio) > 80, we have that oo, Timi2, Tmiz) > s°. More so, since (T, Tmi2, Tmiz) > 8°
and (Tm+2, Tmt3, Tmt3) = s, we have that Ty Tt 3y Trnt3) > 0. Continuing this process, we have that
5
(T, Ty Tp) > 8°.
O

Lemma 2.5. Let (X, Gy) be a Gp-metric space with coefficient s > 1 and suppose that {z,} is a sequence in X
such that imy, 0o Gp(Tpn, Tnt1, Tny1) = 0. If {zy} is not a Gyp-Cauchy sequence, then there exists € > 0 and two
sequences $ay {Tm, } and {x,, } of positive integer such that for the following cases

Go(Tmys Trg> Tng )s Go (T Trgr s Trgsr )s Go(Tmgsy > Trgsr s Tgr ) and Go(Tony ) s Ty, Ty, ), we have that

) e <liminfy oo Go(Timy, s Tny, Tny) < Hmsupy_ oo Go(Tmy, Tng, Tny )y < SE,

< lminfr o0 Go Ty Tngs Tny,) < Umsup,_ oo Go(Tmy 1 s Tny, Tny ) < S2€,

< Hminfyooo Go(Tmy s Ty Tngyr) < UMSUPy_ o0 Go(Tmys Tnpyrs Tngyy) < 876,

= <liminfy, Go(Trmprrs Trpyr> Trgsy) < Hmsupy oo Go(Tomy1s Trpyys Trgsy) < s3e.

1
2)
3)
4)

wlmnw o

(
(
(
(

Proof. Suppose {z,} is not a Gp-Cauchy sequence, then there exists e > 0 and two sequences say {x,,, } and
{xn, } of positive integers such that ny > my > k,

(2.1) Go(Timyy Ty s Ty, ) < € and Gu(Tmy, Ty s Ty, ) > €.
Using the fact that lim, o0 Gp(@n, Tnt1, Zns1) = 0 and (2.1), we have that
€ < Gp(Tmy, s Tngs Ty ) < SGp(Timy s Ty vy gy ) + SGo(Tnp_ys Trgys Tny,)
< s€+ SGp(Tny_yy Tnyy Ty, )s
clearly, we have that

e < liminf Gp(Tm,, Tnyr Tny, ) < Umsup Gy(Tom,,, Ty, Tn, ) < SE.
n—oo n—oo

More so, we have that
2 2
C’!b(xm;C y Ty xnk) < SG’b@fm;C y Tmpirs xkarl) + s Gb(xmk+1 y Tngyrs xnkJrl) + s Gb(xnk+1 y Ly s ZEnk)
and

2 2
Gb(xmk+1 » T mnk+l) < SGb(xmk+1 » Tmy, xmk) +s Gb(xmk » Lny s mnk) +s Gb(xnk yTnggrs xnk+1)‘
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We also have that

€

o s 3
— < liminf Go(Trmpirs Trpy 1> Trgsy) < HMSUP Gp(@pnyy s Tgsy s Tnpeyy ) < S°€
S n— 00 n—oo

Furthermore, we have that
Gb(xmk » gy xnk) < 5Gb<xmk » gyt xnk+1) + SGb(xnk+1 y gy xnk)
and
Gb(xmk y Tngyrs mnk“) < SGb(xmk y T s xnk) + SGb(xnk y Lngprs xnm—l)'
We also have that

€

. . 2
— < Hminf Gy (T, Ty ys Trgyy) < HMSUP Gy (T, Ty > Tgyy ) < S7€
S n—o0 n—o00

Using similar approach, we obtain that

€
.. . 2
— < minf Gy (Tmy g s Togs Tny ) < Hmsup Gy (T, Tny, Tnyy, ) < 876
S n— 00 n—oo

We now establish our main result.

Definition 2.6. Let (X, Gp) be a Gp-metric space with s, > 1 a given real number, o : X x X x X — [0, 00) be
a function and T be a self map on X. The mapping T is said to be a’-Suzuki type rational contraction mapping,
if

(2.2) afz,y,2) > s and %Gb(x,Tx,Tm) < Gp(z,y, 2)
=U(s°Gy(T'2, Ty, T2)) < F(W(M(2,y,2)), d(M(z,y, 2))) + L(N(2,y))

forall z,y, z € X, where L > 0, ¢, ¢ are alternating distance functions, F' € C, M (z,y, z) = max{Gy(x,y, 2), Gp(x, Tz, Tx),
Gy(y, Ty, Tz), LELELNGLILNT: Gyl LG Te T} a0 N(a,y, 2) = min{Gy(z, Ty, Ty), Gy(a, Tz, Ta),
Gb(y7 T:Ca T‘T)}

Theorem 2.7. Let (X,Gy) be a Gy-complete metric space and T : X — X be an ol-Suzuki type rational
contraction mapping. Suppose the following conditions hold:

) T is a triangular ag-admissible type mapping,

) there exists xg € X such that a(xg, Txo, Txg) > s°,

) T is continuous,

) if for any sequence {x,} in X with a(2y, Tni1,Tngy1) > 80 for alln > 0 and x,, — x as n — oo, then
a(zn,r,2) > 8.

(1
(2
(3
(4

Then T has a fized point.

Proof. Let o € X be such that o(xg, Tzo, Tzo) > s°. We define the sequence {z,} by z,41 = Tz, for all
n € NU{0}. If we suppose that z,+1 = x,, for some n € NU {0}, we obtain the desired result. Now, suppose
that 2,41 # x, for all n € NU {0}. Since T is triangular as-admissible type S mapping and a(xg,z1,21) =
a(zo, Tz1,Tz1) > °, we have that a(xy,z2,79) = a(Tzg, Txy,Tr1) > s°, continuing this process, we obtain
that a(zn, Tni1,Zng1) = 0 for all n € NU{0}. Since a(zn, Zni1,2n+1) > ° and 35Gy(zn, Ton, Tay) =
ﬁGb(ﬂﬁnvanH,wnH) < Gy(Tp, Tpi1, Tnyr), we have

P(Go(Tni1, Tnt2, Tnya)) < P(s*Gy(Tan, Trni1, Trnia))
(23) S F(’(/J(M(l’n, Tn+1, anrl))a ¢(M(xn7 Tn+1, mn+1))) + LN(.’L’n, Tn+1, xn+1)>

where,

M(-rnv Tn+1, wn—i—l) = max {Gb(xna Tn+1, J:11—1-1)7 Gb(mna Tn+1, xn+1)7 Gb(xn-ﬁ-la Tn+2, xn—i—?)v

Gb(mn; Tn+1, anrl)Gb(anrla Tn+2, xn+2) Gb(anrla Tn+1, anrl)Gb(xna Tn+1, anrl) }
54+ Go(Tn, Tng1, Tni1) ’ 5+ Gy(Tn, Tnt1, Tny1)

Gb(xna Tn+1, fnJrl)Gb(-T'rH»lv Tn+2, xn+2) }

=max< Gp(z,, x T Gy(x T T
X{ b( ny Ln+4l, n+1)v b( n+1;Ln+2, n+2)v 5+Gb(~rn7xn+17$n+1)
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: Gu(Tn,Tnt1,Tnt1) Gy (Tn,Tnt1,Zn+1)Gb(Trnt1,Tnt2,Tnt2)
Since, g sty <1, clearly, P e Ry < Gp(Tpt1, Tnto, Tniso). So that

M (2, Tpi1, Tny1) = max {Gb(xnamn+1; Zn+1); Go(Tnt1, Tnio, xn+2)}-

Also, we have that

N(Zn, Tni1, Tng1) = MIn{Gy(Tn, Tni2, Tnt2) Go(Tn, Tni1, Tnt1), Go(Tnt1, Trg1, Tng1)} = 0.

If we suppose that

M(2n, Tpi1, Tng1) = max {Gb(xn, Trt1, Tnti), Go(Tnt1, Tnga, wn+2)} = Gp(Tnt1, Tnt2, Tnt2),

then (2.3) becomes

(3G (TxnTrns1, T2ni1))

F(Go(@nt1, Tnt2, Tnt2))s @(Go(Tnt1; Tny2, Tnt2)))
(

(Go(Tng1, Tnyo, Tny2)),

w(Gb(xn+lxn+27 xn+2))
(2.4)

IN AN IA

which implies that
Y(Gp(Tni1Tnt2, Tng2)) = Y(Gp(Tn1Tn12, Tnt2))

so that F(¢Y(Gp(Tnt1, Tnt2, Tni2))s @(Go(Tnt1, Tnt2y Tni2))) = V(Gy(Tpi1@nt2, Tniz)) and by definition of F,
we must have that ¢¥(Gp(Tpi1, Tni2, Tniz)) = 0 or ¢(G(Tpt1, Tnro, Tnro)) = 0. Using the propeties of ¢ and
phi, we have that Gy(2pn41, Tnt2, Tnte) = 0 which implies that x,11 = ;42 which is a contradiction. Thus we
must have that

M(zy, Tpq1, Tpy1) = max {Gb(mn, Tnt1s Tnt1), Go(Tnt1, Tnio, wn+2)} = Gp(Tn, Tpt1, Tny1),
which implies that

(25) Gb(xn+17xn+27xn+2) S Gb(xnaxn—i-lamn-&-l)-

Thus, we have that

1Z)(C"Yb(anrlxn+23 xn+2)) S Qp(SSGb(TananLla T$n+1))
(2.6) < F(Y(Go(n, Tng1, Tny1)), O(Go(Tns Tng1, Tny1)))
S w(Gb(xna Tn+1, xn—i—l))a

which implies that ¥(Gy(xp11Znt2, Tni2)) < V(Gp(Thn, Tny1, Tni1)), using the property of ¥, we have that

Gb(zn+1xn+27 $n+2) < Gb(xna Tn41, zn-&-l)-

Using similar approach, we also have that

Gb(xnv Tn+1, In-&-l) S Gb(xn—la Tn,y xn)
Therefore, {Gy(xn, Tnt1,Zn+1)} 1S & nonincreasing sequence and bounded below. Thus there exists ¢ > 0 such
that

(2.7) lim Gp(Zpn, Tpi1, Tni1) = C.
n—oo

Now, suppose that ¢ > 0, taking the limit as n — oo of (2.6), we have that ¥ (c) = 1 (c) so that F(¥(c)), ¢(c)) =
¥ (c) and by definition of F, we must have that ¥ (c) = 0 or ¢(c) = 0. Using the propeties of ¢ and psi, we have
that ¢ = 0. Thus, we have that

(2.8) lim Gyp(zn, Tnt1, Tnt1) = 0.

n— oo

Now, we shall show that {z,} is Gp-Cauchy sequence. Suppose that {x,} is not a Gp-Cauchy sequence, then
by Lemma 2.5, there exists an € > 0 and sequences of positive integers {nj} and {ms} with n; > my > k such
that Gy(myg,ng, ng) > €. For each k > 0, corresponding to my, we can choose ny to be the smallest positive
integer such that Gy(mg,ng,nk) > €, Gp(my,ng—1,nk—1) < € and (1) — (4). Using Lemma 2.4, we have that
ATy s Ty s Ty, ) > 80 and we can choose ng € NU {0} such that

1

€
@Gb(xmk,Txmwamk) < =5 < € < Gp(Tmy, s Ty s Tny,)-

352
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Hence, for all k£ > ng, we have

w(Gb(xmk+1 y Tngprs T ))
(2.9)

where

1/1(83Gb(Tﬂcm,c y T, , T2y,))
Fp(M (2 Ty, Tny ))s @M (T, Ty s Ty, ) + LY(N (T, Ty s Tny.)),

IN A

M(xmk ) Ink ) xnk) = max {Gb(zmk b Ink b Ink ); Gb(l’mk ) xmk+1 k) xkarl)a Gb(gjnk ) xnk+1 b xnk+1 )7

Go(Tmys Trmgesr > Trngs )G (Trges Trgsy > Trgr) Go(Tnges T s Ty )1+ Go( @y Ty s gy ) }
s+ Gy(Tmy, Tng s » Ty, ) ’ S+ Go(Tmy s Ty s Tny,)

N (T s Ty s Tny ) = MIN{ Gy (Zrng s Trgey 1> Trgrr )y Go (T s Trngert > Trmgsr )> Go (T s Tge 1 s Trngyr )}

Using Lemma 2.5 and (2.8), we have that

€ S hm Sup M($77lk ) xnk b xnk) = max {Gb(gjmk ) xnk7 k) xnk)a Gb(xmk b -ka+1 ) xmk+1)a Gb(xnk ) xnk+1 k) ‘rnk+1)a
n—roo

Gb(‘rmk?xmk+1?xmk+1)Gb(xnk7xnk+17‘rnk+1) Gb(xnk7xnk7xmk+1)[l + Gb(xnk’mnkﬂ ) xnkﬂ” ]

5+Gb(xmk7xnkmxnk) ' 5+Gb(zmkaznkaxnk) J
S€e
= {s¢,0,0,0, I—H} = se
€ S hm Sup N(xmk b -rnk b) xnk) = min{Gb(mﬂlk b xnk+1 ) xnk+1 )a Gb(xmk ) x?llk+1 ) xmk+1 )a Gb(l‘nk ) x77lk+1 b) xmk+1 )} = O

n—oo

So that (2.9) becomes

€ . ,
P(se) = 1/}(335—2) < w(SS Lm sup Gp(@my > Tngyrs Tngpr)) = (53 lim sup Gy(Txm,,, T, , Ty,))

n—oo n— oo

= limsup Y (s*Gp(T Ty, Tn,,, T, )

< F((se€), ¢(s€)) < b(se)

we obtain ¢(se) < ¢(se) which implies that so that F'(¢(se), ¢(se€)) = 1(se) and by definition of F, we must have
that (se) = 0 or ¢(se) = 0. Using the propeties of ¢ and ¢, we have that se = 0. Since s > 0, we must have
that ¢ = 0 and this contradicts the assumption that ¢ > 0. We therefore have that {z,} is Gy-Cauchy. Since
(X, Gp) is Gp-complete, it follows that there exists € X such that lim,, o, z, = .

Suppose that T is continuous, we have that
z= lim z, = lim 241 = lim Tz, =T lim z, =Tx.
n—oo n—oo n—oo n—oo
Thus, T has a fixed point.
More so, using the condition that a(z,,Tpi1,Tny1) > s° for all n € NU {0}, we obtain that a(z,,z,z) > s°.
We establish that T has a fixed point. Now suppose that

Gy(xp,z,x) < ij(wnwnH»xnﬂ)

3s

or
1

Gy(Tpy1,,2) < @Gb(xn+laxn+27xn+2)~

Then using the fact that Gp(2n41, Tnio, Tniz) < Gp(Tn, Tnt1, Tni1), we have

Gb(xn7xn+1u mn+1) S SGb(.’L'n7l',.’L') + SGb(x7xn+17xn+1)

< sGy(xp, z, 1) + 282°Gy(Tni1, 2, )

1 2
< 7Gb(xn7$n+1; $n+1) + ng(xn+17$n+2; $n+2)

3s
1 2
S (378 + g)Gb($n7an+17xn+l)

S Gb(xna Tn41, anrl)

The above inequality is a contradiction, thus, we must have that

1
35200 (@0 Tngt, 1) or Go(Tna1, 2,2) 2 55 Go(Tnt1, Tntz, Tnta)-

Gb(l'n,l‘7l') > 3s
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Hence, we have

(G (xpi1, Tx, Tx)) < h(s3Gy(Tan, Tz, Tx))
F

<
< FQ(M (2, 2, 7)), o(M (20, 7, 7)) + LY(N (20, 7, 7)),

(2.10)

where

Gy(xp, Txp, Txy)Gy(x, Tz, Tx)
s+ Gp(zp, x,x)

)

M(xy, x,x) = max {Gb(a:n, x,x), Gp(zn, Txn, Tay), Gy(x, Tz, Tx),

Gy(z,z, Tay)[l + Gy(zp, TTpn, Txy)) }
s+ Gp(xp, x, )
N(xp,z,z) = min{Gy(z,, Tz, Tx), Gy(xn, TTpn, Txy), Go(x, Txpn, Txy)}.
Using the properties of 1, ¢ and taking limit as n — oo, (2.10) becomes
V(Gy(x, Tz, Tx)) < Y(Gp(z, Tz, Tx)),

which implies that F(¢(Gy(z, Tz, Tz), o(Gp(x, Tz, Tx))) = Y(Gp(z,Tx,Tx) and by definition of F, we must
have that ¢¥(Gp(x, Tz, Tx) = 0 or ¢(Gp(x,Tz,Tx)) = 0. Using the propeties of ¢ and phi, we have that
G(z,Txz,Tx) = 0. which implies that

x="Tz.
Hence, T has a fixed point. O
Theorem 2.8. Suppose that the hypothesis of Theorem 2.7 holds and in addition suppose a(x,y,y) > s° for all
x,y € F(T), where F(T) is the set of fized point of T. Then T has a unique fized point.
Proof. Let x,y € F(T), that is Tx = x and Ty = y such that « # y. Using our hypothesis that a(z,y,y) > s°
and 5 5-Gy (2, Tz, Tx) = 0 < Gy(z,y,y), we have
(2.11) (Gy(z,y,y)) < Y(s°Gy(Tx, Ty, Ty)) < F(P(M(z,y,)), (M (2,y,y)) + LY(N (2,9, 9)),

where

Gola, T2, T2)Gy(y, Ty, Ty) Goly,y, T2)[1 + Gy(a, T, Tw)

)

M(x7y7y) = max {Gb(%%y)y Gb($7T.’E,T.’I]), Gb(ny@/; Ty)7

=G(z,y,y)
N(z,y,y) = min{Gp(z, Ty, Ty), Gp(x, Tz, Tx),Gp(y, Tz, Tx)} = 0.

Using the properties of 1, ¢, (2.11) becomes

V(Gy(z,y,y)) < V(Go(z,y,9)),

which implies that F(¢(Go(z,y,v)), d(Go(x,y,v))) = ¥(Gp(z,y,y)) and by definition of F, we must have that
Y(Gp(z,y,y)) = 0 or ¢(Gp(x,y,y)) = 0. Using the propeties of ¢ and phi, we have that Gy(z,y,y) = 0. which
implies that

s+ Gy(z,y,y) 1+ Gy(z,y,y)

T =y.
Thus, T has a unique fixed point. O
Using Remark 2.3 L = 0 and we defined F(s,t) = s — ¢, we obtain the following results.

Corollary 2.9. Let (X,Gp) be a Gy-complete metric space and T : X — X be a mapping satisfying the

inequalities

1
(2.12) a(z,y,z) > 1 and @Gb(x,Tx,Tz) < Gp(z,y,2)

=U(s°Gy(T2, Ty, Tz)) < Y(M(z,y,2)) — d(M(z,y, 2)))

forallz,y,z € X, where, ¢ are alternating distance functions, and M (x,y, z) = max{Gy(z,y, 2), Gp(z, Tz, Tx),
Gy (2,Tz,Tz)Gy(y,Ty,Tz) Gp(y,2,Tx)[1+Gy(x,Tz,Tx)]
G Ty T2), 2G4t Gilowe)

}. Suppose the following conditions hold:

(1) T is a triangular a-admissible type mapping,

(2) there exists xg € X such that a(xo, Txg, Txg) > 1,

(3) T is continuous,

(4) if for any sequence {x,} in X with a(xp, Tpi1,Tnt1) > 1 for alln >0 and x, — x as n — oo, then
a(Tp,z,x) > 1.
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Then T has a fized point.

Corollary 2.10. Let (X,G,) be a Gy-complete metric space and T : X — X be a mapping satisfying the
imequalities

1
(2.13) alz,y,z) > s and @Gb(x,Tz,T:r) < Gp(z,y,2)

=9(s°Gy(Ta, Ty, Tz)) < $(M(z,y,2)) — $(M(z,y, 2)))

forallz,y,z € X, where 1, ¢ are alternating distance functions, and M (z,y, z) = max{Gy(x,y, 2), Gy(z, Tz, Tz),
Gb(y Ty TZ) Gy(z, Tz, Tx)Gy(y, Ty, Tz) Gy(y,2,Tx)[1+Gy(z,Tx,Tx

S e e , ST G (z0,2) )l }. Suppose the following conditions hold:

(1) T is a triangular a-admissible type S mapping,

(2) there exists xg € X such that a(xg, Txo, Txo) > s,

(3) T is continuous,

(4) if for any sequence {x,} in X with a(xp, Tni1,Tnt1) = s for alln > 0 and x, — x as n — oo, then
oz, z,x) > s.

Then T has a fixed point.

If, we suppose that a(z,y,z) = 1, we obtain the following results.

Corollary 2.11. Let (X,G,) be a Gy-complete metric space and T : X — X be a mapping satisfying the
inequalities

(2.14) %Gb(x,Tx,Tx) < Gp(z,y,2) = 1/1(53G’b(T:L’,Ty,Tz)) <YPp(M(z,y,z2)) — d(M(z,y,2)))

forallxz,y, z € X, where, ¢ are alternating distance functions, and M (x,y, z) = max{Gy(x,y, z), Gy(x, Tz, Tx),

Gy, Ty, Tz), Gb(x’Tsﬁg?(iz(’yz’)Ty’Tz), Gb(y’z’j;i)g;g;g)’Tx’Tx” Y. Then T has a fized point.

Example 2.12. Let X = [0,00) with Gy(z,y,2) = [|z — y| + |y — 2| + |= — z[]?. Clearly, (X, G}) is a complete
Gp-metric space with s = 2. We defined T': X — X by

T — 15 if zy,z€(0,1]
5z if z,y,z € (1,00),

a: X xX xX —[0,00) by

oo,y 2) = 3 if =z,y,z€][0,1]
A= 0 if z,y,z€ (1,00)

and ¢, : [0,00) — [0,00) by ¥(t) = 2t,¢(t) =t,d =1 and F(s,t) = s —t. T is a3-Suzuki type mapping and T
satisfy conditions in Corollary 2.10 with a unique fixed point 0.

Proof. Clearly, for any z,y,z € [0,1], we have that a(z,y,2) > 2 and Tx = {5, Ty = %,Tz = {5, we also
have that a(Tz, Ty, Tz) = a5, 15, i5) > 2. Suppose a(z,a,a) > 2 and a(a,y,z) > 2 for all z,y,2,a € X, it

implies that x,y,z,a € [0,1], it follows that a(z,y,z) > 2. Thus, we have that T is triangular admissible type
S mapping. More so, for any zg € [0, 1], we have that a(xo, Txg, Txo) > 2. Let {x,} be sequence in X with
0 Zpy Tpy1, Tnt1) > 2 for all n € NU {0} and z,, — 2 as n — o0, using the definition of «, we must have
that {z,} C [0,1] and thus = € [0,1]. Hence a(x,,z,z) > 2. Since a(z,y,z) > 2 if x,y,z € [0,1], we need to
show that 7' is al-Suzuki type rational mapping for any z,y, z € [0, 1] with ﬁG(x,Tx,Tx) < G(zx,y,z). Let

x,y,z € |0,1] and without loss of generality, we suppose that < y,z < z and y < z. It is easy to see that for
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LG(z, Tz, Tz) < G(z,y,2) Now, observe that

all z,y,z € [0,1], 15

8
WG T T) =0 goglle =+l =51 +lo = 212
16 )
< " lr — _ —
< 28 eyl by 2l + e~ 2]

A

<l —yl+ly — 2l + |z — 2[?
=2z —yl+ly— 2|+ |z — z]]
= P(G(2,y,2)) — o(G(x,y, 2))
= F(4(G(2,y,2)), 9(G (2,9, 2)))

S F(M(2,y,2)), (M (x,y, 2)))

Thus T satisfy all the hypothesis of Corolary 2.10 and « = 0 is the unique fixed point of T. O

2= lle—yl+ly— 2l + | — 2l
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